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SUMMARY 
An a n a l y s i s  method and computer program have been developed f o r  t h e  
c a l c u l a t i o n  of t h e  v i s c o s i t y  dependent aerodynamic c h a r a c t e r i s t i c s  of 
mu1 t i-elemen t i n f i n i t e  swept wings i n  incompress ible  flow. 
The wing c o n f i g u r a t i o n  c o n s i s t i n g  a t  most o f  a s l a t , .  a main element 
and double s l o t t e d  f l a p  is  represen ted  i n  t h e  method by a l a r g e  number o f  
panels .  The i n v i s c i d  p r e s s u r e  d i s t r i b u t i o n  about a g iven conf igura t ion  i n  
t h e  normal chord d i r e c t i o n  i s  determined us ing  a two dimensional p o t e n t i a l  
f low program employing a v o r t e x  l a t t i c e  technique.  The boundary l a y e r  
development over-  each i n d i v i d u a l  element of t h e  h igh  l i f t  conf igura t ion  
is  determined us ing  e i t h e r  i n t e g r a l  o r  f i n i t e  d i f f e r e n c e  boundary l a y e r  
techniques .  
0 n c e . t h e  boundary l a y e r  development is known, a source  d i s t r i b u t i o n  is 
determined a s  a -  f u n c t i o n  of t h e  c a l c u l a t e d  boundary l a y e r  displacement. 
th ickness  and p r e s s u r e  d i s t r i b u t i o n s .  Th is  source  d i s t r i b u t i o n  is included 
i n  t h e  second c a l c u l a t i o n  of t h e  p o t e n t i a l ' f l o w  about t h e  c o n f i g u r a t i o n ,  
and r e p r e s e n t s  t h e  e f f e c t  of t h e  boundary l a y e r  i n  t h e  modif icat ion of t h e  
p o t e n t i a l  flow. Once t h e  s o l u t i o n  h a s  converged ( u s u a l l y  a f t e r  2-5 i t e r a t i o n s  
between t h e  p o t e n t i a l  f low and boundary l a y e r  c a l c u l a t i o n s )  l i f t ,  drag,  and 
p i t c h i n g  moments can be  determined a s  f u n c t i o n s  of Reynolds number. 
The new method h a s  a number of f e a t u r e s  and c a p a b i l i t i e s  which make i t  
a unique method at  t h i s  t ime. Some of t h e s e  f e a t u r e s  include:  
-The i n c l u s i o n  of methods capable of c a l c u l a t i n g  t h e  boundary l a y e r  
development over  i n f i n i t e  yawed wings. 
-The i n c l u s i o n  of normal p ressure  g r a d i e n t  and l o n g i t u d i n a l  c u r v a t u r e  
terms i n  t h e  f i n i t e  d i f f e r e n c e  program. Th is  h a s  l e d  t o  much 
improved p r e d i c t i o n s  of t h e  performance of multi-element a i r f o i l s  i n  
two dimensions a s  compared t o  t h e  p r e d i c t i o n s  of o t h e r  methods, 
e s p e c i a l l y  i n  t h e . c a l c u l a t i o n  of p r o f i l e  drag.  
-The use  of source  d i s t r i b u t i o n s  r a t h e r  than  t h e  displacement t h i c k n e s s  
d i r e c t l y  t o  r e p r e s e n t  t h e  e f f e c t  o f  t h e  boundary l a y e r  on the  p o t e n t i a l  
flow. Th is  approach i s  much more e f f i c i e n t  than t h e  a l t e r n a t e  
procedure s i n c e  t h e  i n f l u e n c e  c o e f f i c i e n t  mat r ix  r e p r e s e n t i n g  t h e  
geometry o f  t h e  conf igura t ion  need b e  i n v e r t e d  on ly  once. Computer 
t i m e  expendi tu res  are consequently much less. w i t h  t h e  new method. 
-In t he  fu tu re ,  the  e f f e c t s  of t angent ia l  i n j ec t i on  an- 
boundary l aye r  cont ro l  on aerodynamic performance may be ca lcu la ted ,  
a s  w e l l  a s  the e f f e c t s  of f u l l y  th ree  dimensional flow. 
The computer program is wr i t t en  in Fortran I V  f o r  t he  CDC 6600 and 
7600 family of computers. The program occupies 100,000 (oc t a l )  words of. 
s to rage  and operates  i n  t he  overlay mode. The program has  been s t ruc tured  
i n  such a way t h a t  extension o r  replacement of individual  ca lcu la t ion  
procedures is s t ra ightforward.  
INTRODUCTION 
Background 
The multi-element wing is an e s s e n t i a l  component of t h e  h i g h - l i f t  systems 
of e x i s t i n g  commercial and m i l i t a r y  a i r c r a f t .  H i s t o r i c a l l y  the  design of t h e s e  
systems has  been dependent upon experimental  v e r i f i c a t i o n  of p red ic ted  aero- 
dynamic performance. This approach has  been and cont inues  t o  be a very  c o s t l y  
and time consuming ven ture .  The advent of high speed computers and of advanced 
numerical  methods is  however g radua l ly  reducing t h e  r e l i a n c e  on t h e  experimental  
method. Ca lcu la t ion  methods now e x i s t  which permit  t h e  s o l u t i o n  of many prac- 
t i c a l  engineer ing problems. The p r e d i c t i o n  of t h e  aerodynamic c h a r a c t e r i s t i c s  
of two-dimensional l i f t i n g  multi-element a i r f o i l s  inc lud ing  t h e  e f f e c t  of 
v i s c o s i t y  is  an  important example of t h i s  c a p a b i l i t y .  
The a v a i l a b i l i t y  of a three-dimensional v e r s i o n  of such a method would be  
of c o n s i d e r a b l e ~ v a l u e  t o  t h e  des igners  of modern a i r c r a f t  h i g h - l i f t  systems, 
p a r t i c u l a r l y  wi th  r e s p e c t  t o  STOL a i r c r a f t ,  where t h e  des ign  problems appear 
t o  be t h e  most formidable.  Trade-off s t u d i e s  could be made f o r  the  design and 
a n a l y s i s  of i n d i v i d u a l  components such a s  the  l ead ing  edge devices  o r  t h e  
s l o t t e d  f l a p s .  A multi-element wing a n a l y s i s  would have o ther  important 
a p p l i c a t i o n s ,  and i t  is because o f  t h e  usefulness  of such a method t h a t  t h e  pro- 
cedure descr ibed i n  t h i s  r e p o r t  was developed. 
The method is  c u r r e n t l y  v a l i d  f o r  t h e  i n f i n i t e  yawed wing case ,  but has  been 
s t r u c t u r e d  i n  such a way t h a t  a t  a l a t e r  d a t e ,  - i t  can be  extended t o  t h e  f u l l y  
t h r e e  dimensional case .  The a d d i t i o n  of v iscous  e f f e c t s  i s  accomplished us ing  
d i s t r i b u t e d  sources  determined from the  boundary l a y e r  c a l c u l a t i o n s .  The need 
t o  add v i scous  e f f e c t s  i s  c l e a r l y  demonstrated by t h e  r e s u l t s  shown i n  Figure  1.1 
(Ref. 1 . ) .  Obviously, t h e  i n v i s c i d  sol .u t ion g r o s s l y  over e s t i m a t e s  t h e  performance 
of. t h e a i r f o i l  s e c t i o n .  
It was P r a n d t l  who f i r s t  suggested adding t h e  boundary l a y e r  displacement 
th ickness  t o  t h e  o r i g i n a l  geometry t o  account f o r  t h e  displacement of t h e  i n v i s c i d  
flow s t reaml ines  by t h e  boundary l a y e r .  This approach has  s i n c e  been used suc- 
c e s s f u l l y  by many resea rchers .  A p r a c t i c a l  computational d i f f i c u l t y  a r i s e s  wi th  
t h i s  approach however, and t h a t  i s  t h e  need i n  t h e  p o t e n t i a l  flow c a l c u l a t i o n  t o  
re - inver t  a t  each pass  a l a r g e  mat r ix  r e s u l t i n g  i n  l a r g e  computer time expendi tures .  
I n  order  t o  o b t a i n  smooth p ressure  d i s t r i b u t i o n s  it  is  a l s o  u s u a l l y  necessary  t o  
smooth t h e  new geometry be fore  each p o t e n t i a l  f low c a l c u l a t i o n  r e s u l t i n g  i n  
f u r t h e r  computer time expendi tures .  An a l t e r n a t i v e  procedure stemming from an  i d e a  
f i r s t  suggested by Pres ton ,  Ref. - 2 ,  has  been s u c c e s s f u l l y  adopted i n  t h e  computer 
program descr ibed i n  t h i s  r e p o r t .  B r i e f l y ,  a source  o r  s i n k  (negat ive  source)  
d i s t r i b u t i o n  is  determined a s  a func t ion  of t h e  known displacement th ickness ,  
entrainment r a t e ,  and v e l o c i t y  d i s t r i b u t i o n s  ( q  = d/ds  (peue6*). With t h e  i n t r o -  
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t h e  o r i g i n a l  geometry, consequently,  t h e r e  i s  no need t o  i n v e r t  the  matr ix  a  
second time. I f  s e v e r a l  i t e r a t i o n s  between i n v i s c i d  and v i scous  flow a r e  
requ i red ,  t h e  p o t e n t i a l  computer time saving is  s u b s t a n t i a l .  
Problem Def in i t ion  
The c a l c u l a t i o n  of .the p o t e n t i a l  f low about a  multi-element conf igura t ion  
r e p r e s e n t s  t h e  f i r s t  t a s k  of any a n a l y s i s  method. Because t h e  a n a l y s i s  is 
l i m i t e d  t o  i n f i n i t e  swept wings a  two-dimensional p o t e n t i a l  flow method i s  
adequate.  Future  e x p a n s i o n - t o  t h e  f u l l y  three-dimensional case  suggested,  
however, t h a t  any prograni-be w r i t t e n  i n  modular form i n  o rder  t h a t  the  two- 
dimensional method could be  r e a d i l y  replaced by a  three-dimensional method. 
I n  t h e  two-dimensional case ,  a  mathematical model i s  requ i red  f o r  the  f low f i e l d  
about a  series of a r b i t r a r i l y  shaped bodies i n  a n  incompress ible ,  i n v i s c i d  flow. 
The model must a s  a  f u r t h e r  requirement be a b l e  t o  p r e d i c t  t h e  p ressure  d i s t r i -  
b u t i o n  a t  s e l e c t e d  off-body p o i n t s  above t h e  f l a p  segments. , T h i s  i s  necessary  
because downstream of t h e  wing t r a i l i n g  edge t h e  s t a t i c ' p r e s s u r e  normal t o  t h e  
, 
f l a p  s u r f a c e  i s  g r e a t l y  inf luenced both  by t h e  proximity of t h e  f l a p  t o  t h e  
wing t r a i l i n g  edge and by t h e . l a r g e  s u r f a c e  curva tu re  i n  t h e  f l a p  leading edge 
region.  This s t a t i c  p r e s s u r e  v a r i a t i o n  ( see  Figure  1 .2)  has  a conside.rable 
i n f l u e n c e  on t h e  development of the  combined wing wake-flap boundary l a y e r  
downstream of t h e  wing t r a i l i n g  edge. 
With t h e  p o t e n t i a l  f low f i e l d  s p e c i f i e d ,  i t  is  necessary  t o  p r e d i c t  t h e  
boundary l a y e r  development over t h e  multi-element conf igura t ion .  Ca lcu la t ions  
must inc lude  s t a g n a t i o n  l i n e  i n i t i a l  cond i t ions ,  laminar ,  t r a n s i t i o n  and turbu- 
l e n t  boundary l a y e r  developments and laminar o r  t u r b u l e n t  s e p a r a t i o n  p r e d i c t i o n s  
f o r  each element of t h e  i n f i n i t e  swept wing high l i f t  system. The c a l c u l a t i o n s  must 
inc lude  a c c u r a t e  p r e d i c t i o n s  of boundary l a y e r  development i n  t h e  reg ions  where 
wing o r  f i r s t  f l a p  upper s u r f a c e  and cove boundary l a y e r s  merge wi th  t h e  down- 
s t ream f l a p  upper s u r f a c e  boundary l a y e r .  This requirement is  an  a b s o l u t e  
n e c e s s i t y  i f  a c c u r a t e  drag p r e d i c t i o n s  a r e  t o . b e  made. Both l o n g i t u d i n a l  curva- 
t u r e  and normal p ressure  g r a d i e n t  terms must be  included i n  t h e  governing 
boundary l ayer  equat ions  a s  each e f f e c t  has a s i g n i f i c a n t  i n f l u e n c e  on t h e  
boundary l a y e r  development and subsequently on t h e  s e c t i o n  drag c o e f f i c i e n t .  These 
e f f e c t s  a r e  p a r t i c u l a r l y  important i n  the  wing t r a i l i n g  edge-flap l ead ing  edge 
reg ion .  Once t h e  boundary l a y e r  development is  known, i ts  e f f e c t  on t h e  e x t e r n a l  
flow must be determined. 
A complete a n a l y s i s  program f o r  t h e  aerodynamic c h a r a c t e r i s t i c s  of mul t i -  
element i n f i n i t e  swept.wings i s  developed by combining t h e  s e p a r a t e  p o t e n t i a l  
f low and boundary l a y e r  c a l c u l a t i o n  procedures.  . I t e r a t i o n  between t h e  s e p a r a t e  
procedures r e s u l t s  i n  t h e  p r e d i c t i o n  of v i s c o s i t y  dependent aerodynamic fo rces .  
The d i f f e r e n t  p a r t s  of t h e  flow about a  multi-element i n f i n i t e  swept 
wing high l i f t  system c o n s i s t i n g  of a  l ead ing  edge s l a t ,  the  main wing and 
double s l o t t e d  f l a p s  a r e  shown i n  Figure  1.3.  The d i f f e r e n t  c a l c u l a t i o n  
schemes t h a t  fcrm t h e  elements o r  modules of t h e  i n t e g r a t e d  computer program 
a r e  presented. i n  t h e  fol lowing s e c t i o n s .  
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TURBULENT BOUNDARY 
LAYER CALCULATED BY 
I FINITE DIFFERENCE 
PROGRAM 
4 
METHOD OF SlNGULARlTlES 
FIG. 1.3 FLOW ABOUT A MULTI-ELEMENT INFINITE SWEPT WING 
LIST' OF SYMBOLS 
Aerodynamic influence coefficient 
Function in Van Driest damping factor 
Normal velocity due to external source 
Eddy Reynolds number U U/V d t  
Reynolds number at stagnation line 
Profile drag coefficient = D 2 
+PU, 
T 
L Lift coefficient = 2 
+PU, c 
Moment coefficient 
Airfoil normal chord 
Local skin friction coefficient 
Streamwise skin friction coefficient 
Resultant skin friction coefficient . 
Cross flow skin friction coefficient 
Pressure coefficient 
Drag force/unit span 
Universal functions in Curles laminar method 
Correction term to Thwaites laminar method 
Shape factor, ratio of displacement to momentum thicknesses (a*/8) 
Shape factor (6 - 6*)/8 
Non-dimensional pressure gradient parameter 
Von Karman's mixing length coefficient 
Mixing length 1 = ky inches 
Lift forcelper unit span 
Local Mach number 
Free stream Mach number 
~otal normal velocity 
8 
P S t a t i c  p ressure ,  pounds per  square  inch abso lu te  
q Source s t r e n g t h  
r Radius of curvature ,  inches  
R Local r ad ius  of curva tu re  
Re i n s  
Re 
t r a n s  
Chord Reynolds number U,c/v 
Momentum th ickness  Reynolds number Ug/v 
Streamwise momentum th ickness  Reynolds number a t  i n s t a b i l i t y  po in t  
Streamwise momentum th ickness  Reynolds number a t  t r a n s i t i o n  
Resu l tan t  v e l o c i t y  
Local streamwise v e l o c i t y  
Free  stream v e l o c i t y  
Tangent ia l  v e l o c i t y  a t  a i r f o i l  s u r f a c e  
Components of v e l o c i t y  i n  %, y and z d i r e c t i o n s  
F r i c t i o n  v e l o c i t y  (T /p) Jf2 
W 
Components of length  i n  t h e  chord, normal and spanwise d i r e c t i o n s  
Dis tance along a s t reaml ine  
Three-dimensional boundary l a y e r  th ickness  parameters def ined i n  
Equation 3 .22 .  
6 Boundary l a y e r  th ickness  
P Density of a i r  
T Shear s t r e s s  
T Local s u r f a c e  shear  s t r e s s  
W 
Y i  Vortex s t r e n g t h  
a Angle between s t r eaml ine  a t  o u t e r  edge of .boundary l a y e r  and wing 
normal chord 
6 ' Angle between s u r f a c e  s t r e a m l i n e  and e x t e r n a l  s t r eaml ine  d i r e c t i o n s  
v Kinematic v i s c o s i t y  
v Eddy v i s c o s i t y  t 
Y(Y> In te rmi t t ency  func t ion  
0 Standard d e v i a t i o n  of in te r rn i t t ency  funct ion 
S u b s c r i p t s  
e Value a t  edge of boundary l a y e r  
i ith v a l u e  
i n  Incompressible 
i n s  I n s t a b i l i t y  
j j th v a l u e  
L Local  va lue  
1 lower 
t r a n s  T r a n s i t i o n  
S t reaml ine  component 
Turbulent  
Upper 
POTENTIAL now METHOD 
Configuration D e f i n i t i o n  
The multi-element a i r f o i l  conf igura t ion  is represented by p a i r s  of 
s u r f a c e  coord ina te  p o i n t s .  Each element w i t h  t h e  except ion of t h e  main 
wing, may b e  s p e c i f i e d  i n  its own o r  a r e f e r e n c e  coordinate  system. The 
main element must b e  given i n  t h e  r e f e r e n c e  coord ina te  system. Ind iv idua l  
coordinate  systems are r e l a t e d  t o  t h e  r e f e r e n c e  coordinate  system by p i v o t  
p o i n t s .  The p i v o t  p o i n t s  are presc r ibed  i n  bo th  t h e  element and re fe rence  
coordinate  systems. I n  order  t o  l o f t  t h e  conf igura t ion ,  element r o t a t i o n  
ang les  must a l s o  b e  p resc r ibed .  Given t h e  p i v o t  p o i n t s  and r o t a t i o n  a n g l e s  
any element may b e  t r a n s l a t e d  and r o t a t e d  t o  t h e  d e s i r e d  l o c a t i o n  r e l a t i v e  
t o  t h e  main element.  
P ivo t  p o i n t s  may be  determined based on such requirements a s  a 
s p e c i f i e d  s l o t  gap and wing-flap over lap .  Leading edge coordinates  u s u a l l y  
provide a convenient element p i v o t  po in t  a l though i n  some cases  t h e  h inge  
po in t  of a f l a p  on i ts  mechanical t r a c k  o r  l inkage  mechanism g ives  a ready 
re fe rence  p o i n t .  Figure  2.1 shows a f o u r  element conf igura t ion  i n  both  
input  and l o f t e d  pos i t ions .  
I f  t h e  conf igura t ion  is  made up of a main element and one o r  more 
s l o t t e d  f l a p s ,  t h e n  a d d i t i o n a l  a n a l y s i s  i s  requ i red  t o  determine f l a p  upper 
s u r f a c e  l o n g i t u d i n a l  r a d i u s  of curva tu re  f o r  l a t e r  use  i n  t h e  f i n i t e  
d i f f e r e n c e  boundary l a y e r  c a l c u l a t i o n  methods. Accurate c a l c u l a t i o n s  of 
curva tu re  r e q u i r e  t h e  use of ve ry  smooth inpu t  d a t a .  Because o f  t h i s ,  i t  
was found necessa ry  t o  use s p l i n e  f u n c t i o n s  t o  represen t  t h e  s u r f a c e  be ing  
analyzed.  A s p l i n e  under tension* is f i r s t  passed through t h e  coord ina te  
p o i n t s  r e p r e s e n t i n g  t h e  f l a p  upper su r face .  F i r s t  d e r i v a t i v e s  dy/dx are 
then determined from t h e  s p l i n e d  curve us ing  a n a l y t i c  express ions .  A 
second s p l i n e  under t e n s i o n  is now used t o  r e p r e s e n t  a curve through t h e  
c a l c u l a t e d  f i r s t  d e r i v a t i v e s .  This  s p l i n e  is  l ikewise  d i f f e r e n t i a t e d  us ing  
a n a l y t i c  express ions .  Once both  f i r s t  and second d e r i v a t i v e s  of t h e  
su r face  a r e  known t h e  r a d i u s  of curva tu re  can b e  r e a d i l y  ca lcu la ted .  F igure  
2.2 i n d i c a t e s  t h e  success  of t h i s  technique i n  r e l a t i o n  t o  known va lues  of 
r a d i u s  of curva tu re  f o r  t h e  NACA 4412 a i r f o i l  upper s u r f a c e  contour.  
*, "Splines '  Under Tension" - a technique developed by D r .  A. C l ine  of t h e  
Nat ional  Center f o r  Atmospheric Research, Boulder, Colorado, f o r  o b t a i n i n g  
smooth continuous curves from sets of imput coord ina te  p o i n t s .  
FIG. 2.1 MULTI-ELEMENT AIR FOIL LOFTING PROCEDURE 
NACA 4412 UPPER SURFACE 
EXACT SOLUTl ON 
0. NUMERICAL 
I I I I I I 
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FIG. 2.2 COMPARISON OF EXACT 81 NUMERICAL CALCULATION 
OF SURFACE RADIUS OF CURVATURE 
1 3 
I n v i s c i d  Method 
The a i r f o i l  and a s s o c i a t e d  f l a p  system i n  t h e i r  l o f t e d  conf igura t ion  
i s  approximated by a l a r g e  number of p l a n a r  segments, o r  panels ,  w i t h  corner  
p o i n t s  l o c a t e d  on t h e  a c t u a l  a i r f o i l  o r  f l a p  su r faces .  The geometry of 
a t y p i c a l  two element system is i l l u s t r a t e d  below: 
Fig.  2 .3  A i r f o i l  Geometry Using P lanar  Panels  
A t r i a n g u l a r  d i s t r i b u t i o n  of v o r t i c i t y  is loca ted  on each ad jacen t  
p a i r  of pane l s ,  as shown above. The v o r t e x  d i s t r i b u t i o n  is  i d e n t i f i e d  by 
t h e . i n d e x  of t h e  common edge, and .is given u n i t  magnitude a t  t h a t  p o i n t .  
The normal component of v e l o c i t y  induced by t h e  j t h  v o r t e x  d i s t r i b u t i o n  a t  
t h e  c e n t e r  of panel  i is  des igna ted  t h e  aerodynamic in f luence  c o e f f i c i e n t  
a and i s  c a l c u l a t e d  a s  fol lows:  
i j  , 
'panel ( j-1) 
Fig.  2 .4  Aerodynamic Inf luence C o e f f i c i e n t s  
F i r s t ,  t h e  h o r i z o n t a l  and v e r t i c a l  components of v e l o c i t y  u and w i ' i j  
a r e  obta ined by summing t h e  in f luences  of a l i n e a r l y  varying J o r t e x  
d i s t r i b u t i o n  on panel  (j-1) having u n i t  va lue  a t  t h e  t r a i l i n g  edge, and a 
l i n e a r l y  va ry ing  v o r t e x  d i s t r i b u t i o n  on panel  j having u n i t  va lue  a t  t h e  
l ead ing  edge. Formulas f o r  t h e  u and w components induced by these  
v o r t e x  d i s t r i b u t i o n s  i n  terms of t h e  primed coord ina te  system assoc ia ted  
wi th  t h e  in f luenc ing  panel a r e  given i n  Appendix I. 
u = u w  c0s6 - w l '  s in6 j-l + U i j  cos6 - w' s in6  (2.1) 
i j -  i,j-1 j-1 i , j-1 j i j  j 
The normal v e l o c i t y  a is  then i j 
A series of overlapping t r i a n g u l a r  v o r t e x  d i s t r i b u t i o n s  a r e  placed on t h e  
upper and lower s u r f a c e s  of t h e  a i r f o i l ,  a s  i n d i c a t e d :  
,.- Vortex L a t t i c e  
4 
Fig .  2.5 Vortex D i s t r i b u t i o n  on A i r f o i l  
It should be noted t h a t  t h e  number of panels  on t h e  upper and lower 
s u r f a c e s  a r e  n o t  n e c e s s a r i l y  equal.  A t  t h e  l ead ing  edge, t h e  vor tex  
s t r e n g t h s  of t h e  upper and lower v o r t i c e s  a r e  set equa l ,  t o  i n s u r e  a smooth 
flow around t h e  l ead ing  edge. A t  t h e  t r a i l i n g  edge t h e  "Kutta" condi t ion 
s p e c i f i e s  t h a t  t h e  magnitudes of t h e  s u r f a c e  v e l o c i t y  on t h e  upper and lower 
su r faces  have a common l i m i t .  This impl ies  t h a t  t h e  v o r t e x  s t r e n g t h s  on t h e  
upper and lower s u r f a c e s  must be equal  and oppos i t e .  
I n  t h e  above example, t h e  a i r f o i l  has  8 panels  on t h e  upper s u r f a c e  and 
7 on t h e  lower, f o r  a t o t a l  of 1 5  pane l s .  I f  t h e  l ead ing  edge v o r t i c e s  1 and 
1' a r e  s e t  equa l  (y = y;) and t h e  t r a i l i n g  edge v o r t i c e s  9 and 16 a r e  s e t  
equa l  and o p p o s i t e  l y g  = - y16) a t o t a l  of 15 unknown v o r t e x  s t r e n g t h s  
remain. The unknown v o r t e x  s t r e n g t h s  a r e  determined by s p e c i f y i n g  t h a t  t h e  
sum of t h e  induced v e l o c i t y  and t h e  normal component of t h e  f r e e  stream v e l o c i t y  
go t o  zero  a t  each panel  c o n t r o l  p o i n t .  For an a i r f o i l  having N panels ,  t h e  
t o t a l  normal v e l o c i t y  a t  panel  i may b e  w r i t t e n  
The f i r s t  term r e p r e s e n t s  t h e  normal component of a u n i t  f r e e  stream 
v e l o c i t y  a t  t h e  c o n t r o l  po in t  of panel  i, and t h e  second is t h e  sum of t h e  
products  of t h e  i n f l u e n c e  c o e f f i c i e n t s  and t h e  N unknown v o r t e x  s t r e n g t h s .  
Wri t ing t h i s  boundary cond i t ion  equa t ion  f o r  each of t h e  N pane l s  r e s u l t s  
i n  a l i n e a r  system of N equat ions  i n  t h e  N unknown v o r t e x  s t r e n g t h s .  
I n  m a t r i x  form, 
I.;I s i n  
T h i s  mat r ix  equa t ion  can then b e  solved f o r  t h e  v o r t e x  s t r e n g t h s .  Di rec t  
i n v e r s i o n  i s  employed f o r  s i n g l e  element a i r f o i l s ,  and e i t h e r  a d i r e c t  
method o r  an  i t e r a t i v e  procedure (descr ibed i n  Appendix 1 I ) c a n  b e  employed 
f o r  multi-element a i r f o i l s .  
A i r f o i l s  wi th  b l u n t  t r a i l i n g  edges can be  analyzed s u c c e s s f u l l y  using 
t h e  Kut ta  cond i t ion  t h a t  t h e  t r a i l i n g  edge v o r t e x  s t r e n g t h s  a r e  equal  and 
- y i n  Figure  2.5). I f  t h e  t r a i l i n g  edge c l o s e s  t o  o p p o s i t e  ( i . e .  yg - 
a p o i n t ,  t h e  s t r e n g t h s  bt t h e  t r a i l i n g  edge v o r t i c e s  must go t o  ze ro ,  s i n c e  
t h e  t r a i l i n g  edge w i l l  be  a s t a g n a t i o n  po in t  i n  t h e  flow. Although t h i s  
r e s u l t  is given au tomat ica l ly  by t h e  s o l u t i o n  of t h e  above system of equat ions ,  
i t  h a s  been found t h a t  an a l t e r n a t e  formulation of t h e s e  equa t ions  is d e s i r a b l e  
f o r  a i r f o i l s  w i t h  t r a i l i n g  edge c l o s u r e .  I n  t h i s  case  t h e  c o e f f i c i e n t s  i n  
t h e  last  column of t h e  mat r ix  (eqn. 2.5) become very  s m a l l  r e s u l t i n g  i n  a 
poor ly  condi t ioned system of equat ions .  
I n  t h e  a l t e r n a t e  formulat ion,  t h e  Kut ta  .condi t ion is s p e c i f i e d  by 
s e t t i n g  t h e  s t r e n g t h s  of t h e  v o r t i c e s  assoc ia ted  wi th  t h e  t r a i l i n g  ege panels  
e q u a l  t o  z e r o  ( i . e . ,  y = y = 0 i n  Figure 2.5).  However, t h i s  procedure 
e l i m i n a t e s  t h e  last co?umn !it in f luence  c o e f f i c i e n t s  i n  Eqn. (2:5) l eav ing  an 
inde te rmina te  system of N equa t ions  i n  N-1 unknowns. 
An a d d i t i o n a l  unknown is provided by adding t h e  in f luence  of a  constant  
s t r e n g t h  source  d i s t r i b u t i o n  j u s t  i n s i d e  t h e  a i r f o i l  su r face .  The source 
i s  d i s t r i b u t e d  on t h e  inner  s i d e  of each panel used t o  r e p r e s e n t  t h e  a i r f o i l .  
The v e l o c i t i e s  induced by a constant  s t r e n g t h  source  d i s t r i b u t i o n  a r e  given 
i n  Appendix I, and a r e  used t o  c a l c u l a t e  new va lues  f o r  t h e  l a s t  column of 
in f luence  c o e f f i c i e n t s  i n  t h e  boundary cond i t ion  equa t ions .  The unknown 
source  s t r e n g t h  is  added t o  t h e  remaining N - 1  unknown v o r t e x  s t r e n g t h s  t o  
g ive  a  w e l l  condi t ioned set of  equat ions .  It should be  noted t h a t  t h e  
unknown source  s t r e n g t h  is  always very  c l o s e  t o  ze ro  f o r  a i r f o i l s  wi th  
t r a i l i n g  edge c losure .  
The p ressure  c o e f f i c i e n t  at t h e  mid po in t  of panel i i s  ca lcu la ted  as 
fol lows : 
where 
and u  wi a r e  given by Eqns (2 -1) and (2.2) . The l i f t  and p i t c h i n g  
momen$'aoet$icients a r e  obta ined by i n t e g r a t i n g  t h e  p ressures  around t h e  
a i r f o i l  conf igura t ion .  
Viscous /Po ten t ia l  Flow I n t e r a c t i o n  
The i n v i s c i d  flow around an a i r f o i l  c a n ' b e  modified t o  account f o r  v i scous  
e f f e c t s  through t h e  a d d i t i o n  of t h e  boundary l a y e r  displacement th ickness  6* 
t o  t h e  o r i g i n a l  a i r f o i l  geometry. The p o t e n t i a l . f l o w  method descr ibed i n  t h e  previ-  
ous section can then be  used t o  c a l c u l a t e  t h e  f low f i e i d  about t h e  new geometry. 
A modified p r e s s u r e  f i e l d  r e s u l t s ,  which i n  t u r n  causes  a  change i n  t h e  calcu- 
l a t e d  boundary l a y e r  development. After  s e v e r a l  i t e r a t i o n s  both  t h e  p r e s s u r e  
f i e l d  and boundary l a y e r  developments should become convergent,  This 
procedure i s  used i n  both  t h e  Lockheed and McDonnel-Douglas programs (Refs 1 
and A ) ,  and whi le  i t  would seem a t  f i r s t  g lance  t o  be a  s t ra igh t fo rward  
approach, s e v e r a l  requirements a r e  necessary  t o  ensure  a s a t i s f a c t o r y  s o l u t i o n .  
These include:  
- The n e c e s s i t y  t o  c a l c u l a t e  and i n v e r t  a  new i n f l u e n c e  c o e f f i c i e n t  
mat r ix  a t  each i t e r a t i o n  due t o  t h e  change i n  r e s u l t a n t  geometry. 
- The n e c e s s i t y  t o  smooth t h e  geometry each time t h e  displacement 
th ickness  is added, t o  ensure  a  smooth p ressure  d i s t r i b u t i o n .  
- The n e c e s s i t y  dur ing each i t e r a t i o n  t o  modify t o  a  considerable  
e x t e n t  t h e  c a l c u l a t e d  p ressure  and boundary l a y e r  developments i n  t h e  
t r a i l i n g  edge reg ion  i n  o rder  t o  ensure  a  convergent c a l c u l a t i o n  
procedure.  
An a l t e r n a t e  procedure is a v a i l a b l e  which uses  t h e  same in f luence  c o e f f i c i e n t  
m a t r i x  throughout t h e  c a l c u l a t i o n ,  and i t  is t h i s  method which is  used i n  t h e  
p r e s e n t  program. 
The e f f e c t  o f  t h e  boundary l a y e r  on t h e  p o t e n t i a l  f low i s  represented by 
a d i s t r i b u t i o n  of sources  on t h e  pane l s  connecting p o i n t s  of t h e  o r i g i n a l  a i r -  
f o i l  s u r f a c e  (F igure  2 . 3 ) .  The s t r e n g t h  q j  of t h e  source  d i s t r i b u t i o n  i s  made 
t o  t h e  r a t e  of entrainment of mass i n t o  t h e  boundary l a y e r  ( i . e .  
6*) )I Thus t h e  c a l c u l a t e d  p ressure  d i s t r i b u t i o n  and boundary 
l a y e r  displacement th ickness  developments can be used t o  determine the  source  
s t r e n g t h s  f o r  t h e  nex t  i t e r a t i o n  of t h e  a n a l y s i s . ,  The source  d i s t r i b u t i o n  
h a s  t h e  e f f e c t  of modifying t h e  boundary cond i t ions  t o  t h e  o r i g i n a l  problem 
by a l t e r i n g  t h e  r i g h t  hand s i d e  of Eqn 2 . 5 .  The in f luence  c o e f f i c i e n t s  a i j -  
( o r  u i j ,  w i . )  remain unchanged a s  does t h e  geometry of t h e  conf igura t ion  
being analy?zed. 
The e f f e c t  of t h e  source  d i s t r i b u t i o n  on t h e  boundary cond i t ions  i s  
determined i n  t h e  following manner. Consider a panel  r epresen t ing  a  por t ion  
of t h e  a i r f o i l  geometry; t h e  source  s t r e n g t h  i s  known as i s  t h e  normal v e l o c i t y  
.induced by t h e  source  d i s t r i b u t i o n  a t  t h e  boundary p o i n t  on t h e  panel.  This 
normal vel .ocity is  t h e  new boundary condi t ion t o  be s a t i s f i e d  by a l l  sources  
and v o r t i c e s  r e p r e s e n t i n g  t h e  geometry and t h e  boundary l a y e r  e f f e c t s .  However, 
t h e  source  d i s t r i b u t i o n  of t h e  same panel  a l ready  s a t i s i f i e s  t h i s  new boundary 
c o n d i t i o n ,  t h e r e f o r e ,  t h e  remaining sources  and v o r t i c e s  must s a t i s f y  the  
boundary c o n d i t i o n  of t a n g e n t i a l  flow t o  t h e  s u r f a c e .  
Source i n £  luence c o e f f i c i e n t s  u s i j  and wsij a r e  def ined a s  induced 
v e l o c i t i e s  per  u n i t  source  s t r e n g t h  q j  a t  a  corner  p o i n t  where t h e  
source  d i s t r i b u t i o n  on a. panel i s  represented by two over lapping t r i a n g l e s .  
This d e f i n i t i o n  i s  completely analogous t o  t h e  v o r t e x  in f luence  c o e f f i c i e n t s  
U i j  and ~i j 
The t o t a l  induced v e l o c i t i e s  a t  t h e  i - t h  boundary p o i n t  can be descr ibed by 
?With t h i s  technique t h e  normal v e l o c i t y  component a t  t h e  s u r f a c e  n  and t h e  i 
source  s t r e n g t h  q  , a r e  equal .  i 
Because of t h e  in t roduc t ion  of a source  d i s t r i b u t i o n ,  t h e  Kut ta  cond i t ion  a t  
t h e  t r a i l i n g  edge of t h e  a i r f o i l  t a k e s  a form d i f f e r e n t  from those  used f o r  
b l u n t  and c losed t r a i l i n g  edges' i n  t h e  i n v i s c i d  f low c a l c u l a t i o n .  With t h e  
t r a i l i n g  edge be ing  a s t a g n a t i o n  p o i n t  t h e  sum of  t h e  v o r t e x  and source  
v e l o c i t i e s  is ze ro .  With t h e  t r a i l i n g  edge sources known t h e  v o r t e x  s t r e n g t h s  
yU and y1 can be  determined by t h e  cond i t ion  t h a t  t h e  component of v e l o c i t y  
normal t o  t h e  t r a i l i n g  edge panel  i s  ze ro  a t  t h e  t r a i l i n g  edge on t h e  upper 
and lower s u r f a c e s .  
Fig. 2.6 Kut ta  Condit ion - Modified by Source D i s t r i b u t i o n  
From t h e  preceeding f i g u r e ,  
Yu  = (-ql + qu cos8) / s in8  (2.9) 
It should b e  noted t h a t  t h e  above equat ions  imply equal  pressure  
c o e f f i c i e n t s  on t h e  upper and lower s u r f a c e s  a t  t h e  t r a i l i n g  edge. Taking 
t h e  d i f f e r e n c e  of t h e  squares  of each equat ion,  
The a d d i t i o n  o f  t h e  source  d i s t r i b u t i o n  e x t e r n a l  t o  t h e  a i r f o i l  modif ies  
t h e  normal v e l o c i t y  a t  t h e  c o n t r o l  p o i n t  of panel i. Referr ing t o  Eqn. (2 .4) ,  
where 
i s  t h e  normal v e l o c i t y  induced by t h e  e x t e r n a l  source  on panel j .  
Since t h e  q  a r e  known, t h e  r i g h t  hand s i d e  of Eqn. (2.5) becomes j 
S i n c e , t h e  v o r t e x  s t r e n g t h s  a t  t h e  t r a i l i n g  edge of t h e  upper and lower 
s u r f a c e s  a r e  a l s o  s p e c i f i e d  i n  terms of t h e  e x t e r n a l  source  s t r e n g t h  by Eqns. 
(2.9 and (2.10)', an a d d i t i o n a l  unknown cons tan t  source  d i s t r i b u t i o n  i n s i d e  
each a i r f o i l  s u r f a c e  is requ i red  t o  s o l v e  Eqn (2 .5) ,  a s  descr ibed i n  t h e  previous 
s e c t i o n .  
The advantage i n  computer time of t h i s  procedure r e s u l t s  from having t o  
c a l c u l a t e  t h e  i n f l u e n c e  c o e f f i c i e n t s  only once. A t  each success ive  i t e r a t i o n  
.only m a t r i x  m u l t i p l i c a t i o n  is  requ i red  t o  determine t h e  new v o r t e x  s t r e n g t h s .  
As  i n  t h e  displacement method t h e  e f f e c t  of t h e  boundary l a y e r  c o r r e c t i o n s  tends  
t o  cause  a n  overshoot  o r  c o r r e c t i o n  i n  t h e  p r e s s u r e  f i e l d  s o l u t i o n  a t  each 
i t e r a t i o n .  This undes i rab le  f e a t u r e  is avoided and r a p i d  convergence assured  
i f  t h e  boundary l a y e r  development and r e s u l t a n t  source  d i s t r i b u t i o n  is  determined 
from a  p r e s s u r e  f i e l d  weighted us ing f i f t y  pe rcen t  of t h e  c u r r e n t  s o l u t i o n  and 
f i f t y  p e r c e n t ' o f  t h e  previous  s o l u t i o n .  
Pilthough t h e  precedure does no t  r e q u i r e  e x t e n s i v e  smoothing a s  ir, t h e  
displacement methods some l i m i t a t i o n  on the  source  s t r e n g t h  i s  requ i red  i n  t h e  
t r a i l i n g  edge r e g i o n  i f  r a p i d  convergence is t o  be achieved.  Rapid growth 
of t h e  boundary l a y e r  approaching s e p a r a t i o n  i n  s t rong  a d v e r s e - ~ r e s s u r e  g r a d i e n t s  
( t y p i c a l  of c o n f i g u r a t i o n s  a t  h igh  angles-of-attack) cause abnormally f a s t  growth 
of t h e  displacement th ickness ,  and i n  t u r n  t h e  source  s t r e n g t h .  Numerical exper- 
iments i n d i c a t e  t h a t  i f  a  l i m i t  i s , p l a c e d  on t h e  maximum source  s t r e n g t h  conver- 
gence can occur between two and f i v e  i t e r a t i o n s .  The c a l c u l a t i o n s  a l s o  i n d i c a t e  
t h a t  t h i s  l i m i t  is d i f f e r e n t  f o r  s l o t t e d  a i r f o i l  cases ,  where t h e  boundary l a y e r  
growth on t h e  f l a p  is very much g r e a t e r  than t h a t  t y p i c a l  of s i n g l e  element cases .  
More w i l l  be s a i d  of t h i s  l i m i t  i n  a  following s e c t i o n .  
Because t h e  pressure-  c o e f f i c i e n t s  a r e  determined from t h e  v e l o c i t i e s  on t h e  
boundary p o i n t s  of a panel  r a t h e r  than from t h e  vor tex  s t r e n g t h s  a t  t h e  corner  
p o i n t s ,  t h e  t r a i l i n g  edge p ressures  a r e  n o t  known a p r i o r i .  Therefore,  they a r e  
c a l c u l a t e d  by s imple  l i n e a r  e x t r a p o l a t i o n  of t h e  p ressures  from t h e  l a s t  two 
boundary p o i n t s  on t h e  upper and lower s u r f a c e s  r e s p e c t i v e l y .  
A s p e c i a l  s i t u a t i o n  a r i s e s  i f  any element of t h e  geometry does not  have a 
c losed  t r a i l i n g  edge. I n  t h i s  c a s e  t h e  s o l u t i o n  f o r  t h e  i n v i s c i d  flow about t h e  
- p a r t i c u l a r  element i s  determined us ing t h e  Kutta cond i t ion  yu - - yl. No 
i n t e r n a l  d i s t r i b u t e d  source  is  requ i red  t o  complete t h e  problem d e f i n i t i o n .  
Consequently, when bounc!ary l a y e r  e f f e c t s  a r e  included i n  t h e  f i r s t  i t e r a t i o n  
(wi th  t h e  Kut ta  cond i t ion  determined from Eqns. (2.9) and (2 .  l o ) ) ,  an i n t e r n a l  
source  is  requ i red  t o  complete t h e  problem d e f i n i t i o n  and i t  is necessary  t o  
r e c a l c u l a t e  t h e  in f luence  c o e f f i c i e n t  t o  inc lude  t h e  e f f e c t  of t h e  d i s t r i b u t e d  
source.  Subsequent i t e r a t i o n s  r e q u i r e  on ly  matr ix  m u l t i p l i c a t i o n  t o  o b t a i n  
t h e  v o r t e x  s t r e n g t h s .  
BOUNDARY LAYER CALCULATION METHODS 
The boundary l a y e r  development i s - c a l c u l a t e d  from t h e  s t agna t ion  l i n e  of 
each element. For t h e  i n f i n i t e  swept wing case  two s e p a r a t e  c a l c u l a t i o n  pro- 
cedures  a r e  used,  each f o r  a  p a r t i c u l a r  region of t h e  flow. On t h e  upper 
s u r f a c e s  of t h e  l ead ing  edge s l a t  and main wing and f o r  t h e  lower s u r f a c e  of 
every element of t h e  conf igura t ion  an i n t e g r a l  method i s  used. This method 
is about 100 t imes f a s t e r  than t h e  corresponding f i n i t e  d i f f e r e n c e  method i n  
two dimensinns. Economy of computer time is  e s s e n t i a l  i n  an  i t e r a t i v e  method 
p a r t i c u l a r l y  when a  multi-element conf igura t ion  is  considered,  i f  t h e  method is 
t o  be of p r a c t i c a l  use  t o  t h e  des igner .  I n  a l l  c a s e s  where pass ive  blowing 
( s l o t t e d  f l a p s )  o r  powered blowing i s  considered,  t h e  f i n i t e  d i f f e r e n c e  method 
i s  used. Th is  method could be used f o r  t h e  complete boundary l a y e r  a n a l y s i s  
i f  d e s i r e d  by t h e  u s e r .  
Descr ip t ions  of t h e  i n d i v i d u a l  boundary l a y e r  and t r a n s i t i o n  ana lyses  are 
presented i n  t h e  fol lowing s e c t i o n s .  
Stagnat ion ~ i n e  I n i t i a l  Condit ions 
. It has  been p red ic ted  t h e o r e t i c a l l y  by Cumpsty and Head 4 and Bradshaw 5 
amongst o t h e r s  t h a t  f low along t h e  s t a n g a t i o n  l i n e  of a i n f i n i t e  yawed wing 
appraoches an  asymptot ic  condi t ion.  This  cond i t ion  i s  one where t h e  rate of 
growth of t h e  boundary l a y e r  due t o  f r i c t i o n a l  f o r c e s  i s  balanced by t h e  
divergence of t h e  f low from t h e  spanwise t o  t h e  streamwise d i r e c t i o n .  Cumpsty 
and Head later demonstrated i n  an experimental  s tudy (Ref 6) t h e i r  e a r l i e r  
t h e o r e t i c a l  p r e d i c t i o n .  They were a b l e  ' t o  show t h a t  whether t h e  flow i s  laminar 
o r  t u r b u l e n t  i t s  i n t e g r a l  p r o p e r t i e s  can be  determined d i r e c t l y  a s  a  f u n c t i o n  of 
a  s i n g l e  non-dimensional parameter C*. The parameter C* ( 2  v2/v  d ~ / d x ) ,  where 
V ' i s  t h e  spanwise v e l o c i t y ,  V t h e  kinematic v i s c o s i t y  and d ~ / d x  t h e  chordwise 
v e l o c i t y  g r a d i e n t  a t  t h e  s t a g n a t i o n  l i n e )  i s  a  form of Reynolds number which 
c o r r e l a t e s  w e l l  wi th  t h e  streamwise shape f a c t o r  H ,  momentum th ickness  8 and 
s k i n  f r i c t i o n  c o e f f i c i e n t  Cf/2. The c o r r e l a t i o n s  f o r  H and 8 a r e  presented i n  
t a b u l a r  form i n  Table 1. I n i t i a l  i n t e g r a l  boundary l a y e r  parameters a r e  determined 
from t h e  t a b l e  f o r  t h e  c a l c u l a t e d  C*. I f  C* < 1.35 x  l o5  t h e  flow is  laminar 
o therwise  i t  is t u r b u l e n t .  The a p p r o p r i a t e  c a l c u l a t i o n  method is  then used t o  
determine t h e  downstream boundary l a y e r  growth (See Figure  3.1). 
I n t e g r a l  Boundary Layer Methods 
Laminar Method 
A v a r i e t y  of methods e x i s t  f o r  t h e  c a l c u l a t i o n  of laminar boundary l a y e r  
developments, t h e  most genera l  of t h e s e  being based on f i n i t e  d i f f e r e n c e  methods. 
I n  t h e  c a s e  of t h e  i n f i n i t e  swept wing s u b s t a n t i a l  r eg ions  of laminar f low (10% 
chord o r  more), a r e  l i k e l y  only a t  t h e  lower Reynolds numbers and sweep ang les  
and i n  c a s e s  where l a r g e  f l a p  d e f l e c t i o n s  r e s u l t  i n  cons iderab le  laminar f low 
on t h e  lower s u r f a c e s  of t h e  f l a p s .  I n  t h e s e  i n s t a n c e s  t h e  e f f e c t  of t h e  laminar 
f low on t h e  e x t e r n a l  f low i s  n e g l i g i b l e  and t h e  drag c o n t r i b u t i o n  very  smal l .  
o r  Rell a long a 
I n s t a b i l i t y   
I T r a n s i t i o n  I 
l i t  Turbulent C a l c '  
Fig. 3 .1  Flow Chart f o r  Boundary Layer Cal c u l a t  i o n s  
Table 1. Stagnat ion Line Cor re la t ion  of  C* 
wi th  H and Rel1. 
Because of t h i s ,  a l l  laminar boundary l a y e r  c a l c u l a t i o n s  a r e  made using a two- 
dimensional i n t e g r a l -  approach along e x t e r n a l  s t reaml ines .  The f i n i t e  d i f f e r e n c e  
method t o  be  descr ibed i n  a  fol lowing s e c t i o n  can a l s o  b e  used t o  determine t h e  
laminar boundary l a y e r  development bu t  f o r  t h e  i n f i n i t e  swept wing c a s e  a s  w i l l  
be seen l a t e r  i t  appears  t o  be unnecessary f o r  p r a c t i c a l  c a l c u l a t i o n s .  
The two dimensional method is  an adap ta t ion  by Curle  2 of a method 
developed by Thwaites 4. I n  Thwaite 's  method t h e  momentum i n t e g r a l  equat ion 
is  w r i t t e n  i n  t h e  form 
d / d x ( ~ / u )  = L / U  
where 
Thwaites used exac t  s o l u t i o n s  t o  a  v a r i e t y  of laminar f lows t o  determine 
t h e  r e l a t i o n s h i p  between L and K,  
Cur le  has  pointed out t h a t  Eqn. 3 .4  is  n o t  adequate i n  flows approaching 
separa t ion ,  and he has  suggested an extension o r  c o r r e c t i o n  t o  Eqn. 3 .4  giv ing :  
The parameter p i s  a  func t ion  of both  t h e  p ressure  g rad ien t  and t h e  curva tu re  
o r  second d e r i v a t i v e  of v e l o c i t y .  
Curle rewrote  Eqn. 3.5 i n  t h e  form 
L. = Fo (K) - ).I Go(K) 3.7 
where Fo and Go a r e  u n i v e r s a l  func t ions  determined from a  s e r i e s  of exac t  
s o l u t i o n s  t o  laminar f lows i n  the  same way a s  d i d  Thwaites f o r  Eqn. 3 .4 .  .- 
Afte r  s u b s t i t u t i o n  of Eqn. 3 - 5  i n t o  Eqn. 3.2 and w i t h  s u b s e q u e n t , i n t e g r a t i o n ,  
t h e  r e s u l t  can be  rearranged i n  t h e  form 
This  equa t ion  is  con~renient ly  solved by i t e r a t i o n ,  g  i n i t i a l l y  equal  t o  
zero.  With v a l u e s  of Y and u determined i n  t h e  f i r s t  i t e r a t i o n .  a  second 
i t e r a t i o n  is  c a r r i e d  o u t  us inq Eqn. 3 . 7 .  A t  e a c h , s t e p  i n  t h e  c a l c u l a t i o n  
t h e  l o c a l  s k i n  f r i c t i o n  c o e f f i c i e n t ,  C 12 and t h e  shape f a c t o r  H can be 
c a l c u l a t e d  us ing  Eqn 3 .3 .  The l o c a l  s i i n  f r i c t i o n  c o e f f i c i e n t  has  been 
def ined  a s  
Cf = (lJIp0U)R 3 . 9  
where R i n  Eqn. 3 . 3  is  determined i n  a  s i m i l a r  manner t o  L from a  s e r i e s  of 
known s o l u t i o n s  t o  g i v e  
The f u n c t i o n s  Fo, F l y  Go and G1 a r e  t abu la ted  i n  t h e  computer program. 
C a l c u l a t i o n s  begin  a t  t h e  s t agna t ion  l i n e  i n  t h e  swept wing case ,  wi th  t h e  
i n i t i a l  momentum th ickness  0  given a s  a  func t ion  of C*. I f  t h e  f low is two 
dimensional K t a k e s  a  i n i t i a l  va lue  KO = 0.0855 a t  t h e  s t a g n a t i o n  p o i n t  from 
which t h e  i n i t i a l  momentum th ickness  0, i s  
The c a l c u l a t i o n  proceeds e i t h e r  t o  laminar s e p a r a t i o n  o r  t o  t h e  end of 
t h e  a i r f o i l  whichever occurs  f i r s t .  The ca lcu la ted  boundary l a y e r  development 
is  t h e n  i n t e r r o g a t e d  t o  determine i f  t r a n s i t i o n ,  laminar s e p a r a t i o n  o r  forced 
t r a n s i t i o n  (boundary l a y e r  t r i p p i n g )  has  taken place.  I f  any of t h e s e  phenomena 
have occurred t h e  downstream flow i s  assumed t o  be tu rbu len t .  
Turbulent Method 
Severa l  methods have been developed f o r  t h e  c a l c u l a t i o n  of i n f i n i t e  swept 
wing t h r e e  dimensional boundary l a y e r s .  Among t h e  more u s e f u l  of t h e  methods 
a r e  t h o s e  by Cumpsty and Head 2, Nash 10, and Bradshaw 2. Nashls  method (a  
f i n i t e  d i f f e r e n c e  procedure) i s  a l s o  a p p l i c a b l e  t o  f u l l y  t h r e e  dimensional 
boundary l a y e r s  bu t  i n  t h e  words of t h e  o r i g i n a t o r  is cumbersome and i n f l e x i b l e  
when app l ied  t o  complex geometries. I n  p r a c t i c a l  cases  t h e  methods of Cumpsty 
and Head and of Bradshaw appear t o  g i v e  s i m i l a r  r e s u l t s ,  wi th  Cumpsty and Heads 
method having a cons iderab le  advantage both  i n  speed and convenience. Because 
of t h i s ,  t h e i r  method was chosen f o r  use  i n  t h e  v i s c o u s / p o t e n t i a l  f low i n t e r a c t i o n  
program. 
I n  developing t h e i r  method, Cumpsty and Head chose an or thogonal  c u r v i l i n e a r  
- - 
system of coord ina tes  based on t h e  p r o j e c t i o n s  of e x t e r n a l  s t reaml ines  on t h e  
s u r f a c e .  I n  t h i s  system streamwise tu rbu len t  boundary l a y e r  v e l o c i t y  p r o f i l e s  
resemble ve ry  c l o s e l y  two-dimensional p r o f i l e s .  When t h e  streamwise p r o f i l e s  a r e  
known t h e  cross-flow v e l o c i t y  p r o f i l e s  can be ca lcu la ted  a s  f u n c t i o n s  of t h e  
streamwise p r o f i l e s  and t h e  angle  between t h e  su r face  s t reaml ine  and t h e  p r o j e c t i o n  
of t h e  e x t e r n a l  s t reaml ine  on t h e  su r f  a c e  (angle  6) . 
Cumpsty and Head wrote t h e  streamwise and c r o s s  flow equat ions  i n  i n t e g r a l  
equat ion form a s  fol lows:  
Streamwise Momentum Equation 
Cross Flow Momentum Equation 
where k= t a n  a .  
Equations (3.12) and (3.13) con ta in  s e v e r a l  unknowns and before  t u r b u l e n t  
boundary l a y e r  p r e d i c t i o n s  can be  made f u r t h e r  r e l a t i o n s h i p s  are required 
between t h e  streamwise and c r o s s  flow momentum th icknesses ,  t h e  streamwise shape 
f a c t o r  H and t h e  streamwise s k i n  f r i c t i o n  c o e f f i c i e n t  C f ' 
Entrainment Equations 
The f a c t  t h a t  t h e  streamwise v e l o c i t y  p r o f i l e s  are similar t o  two 
dimensional v e l o c i t y  p r o f i l e s  l e d  Cumpsty and Head t o  assume t h a t  t h e  rate of 
entrainment a long a s t reaml ine  i n  t h e  i n f i n i t e  swept wing case  could be  de te r -  
mined us ing r e l a t i o n s h i p s  developed f o r  two-dimensional flow. This  is  a 
c r e d i b l e  assumption s i n c e  t h e  entrainment process  i s  a func t ion  of t h e  v e l o c i t y  
d e f e c t  i n  t h e  o u t e r  p a r t  of t h e  boundary l a y e r ,  a r e g i o n  where t h e  streamwise 
and two dimensional p r o f i l e s  are expected t o  agree  most c l o s e l y .  Cumpsty and 
Heads entrainment equat ion t a k e s  t h e  form 
where H1 = (6-6;)/O11. 
The f u n c t i o n  F(H ) is taken i n  t h e  form presented by Head 11. 1 
Likewise t h e  express ion r e l a t i n g  H t o  the  more u s u a l  shape f a c t o r  H is a l s o  1 
given by Head. 
The f u n c t i o n s  F  and G i n  Eqns 3.15 and 3.16 can be  a n a l y t i c a l l y  def ined 
a s  fol lows:  
F(H1) = exp [-3.512 - 0.617 l n  (HI-3) 1 . (3.17) 
f o r  H 5 1.6  o r  
G(H) = . 3.3 + exp[0.4383 - 3.064' 1n (H-0.6798) (3.19) 
f o r  H > 1.6. 
- 
Streamwise Veloci ty  P r o f i l e s  
Cumpsty and Head demonstrated t h a t  t h e  streamwise t u r b u l e n t  boundary l a y e r  
v e l o c i t y  p r o f i l e s  could be represen ted  q u i t e  a c c u r a t e l y  by t h e  two dimensional 
v e l o c i t y  p r o f i l e  family  der ived by Thompson 12. The law of t h e  w a l l  - law of 
t h e  wake v e l o c i t y  p r o f i l e  family  of Coles 1 T g i v e s  r e s u l t s  which a r e  i n  good 
agreement wi th  Thompsons p r o f i l e s  and could e a s i l y  be used a s  an  a l t e r n a t e  
approach. 
Cross Flow P r o f i l e s  
The c r o s s  f low p r o f i l e s  have been s p e c i f i e d  by t h e  s imple  r e l a t i v n s h i p  
between streamwise and c r o s s  f low v e l o c i t i e s  suggested by Mager 14, 
2  
V / U  = (1 - 5/61 t a n 6  (3.20) 
where is  t h e  ang le  between t h e  s u r f a c e  s t reaml ine  ( r e s u l t i n g  s k i n  f r i c t i o n  
d i r e c t i o n )  and t h e  p r o j e c t i o n  of t h e  e x t e r n a l  s t reaml ine  on t h e  s u r f a c e ,  5 is 
t h e  d i r e c t i o n  normal t o  t h e  s u r f a c e ,  and u  and v  a r e  t h e  streamwise and c r o s s  
f low v e l o c i t i e s .  
Cross Flow Thicknesses 
The cross flow thicknesses have been defined using a power law velocity 
profile instead of one of the more complicated two parameter profile relation- 
ships, in the streamwise direction. This approach greatly simpli~ied the 
definition of the cross flow thicknesses without any great loss in accuracy. 
The use or the power law relationship 
in Equation (3.20) gives the cross flow thicknesses as defined by: 
Skin Friction Coefficient 
The streamwise skin friction coefficient is determined using Thompson's 
two parameters skin friction law although here,again Cole's skin friction law 
could also have been used. The relationship is of the rorm 
C = f (H, Re) and is given as C = exp (AH + B) f (3.23) fl 
where 2 A = .01952 - .38682 + ,028342 - .00072 3 
B = .I9151 - ,83492 + ,062592~ - .001953z3 
The cross flow skin friction coefficient Cf2 is then determined from Cf as 
Cf2 
= Cfl tanB and the resultant skin friction coefficient Cf as C =Ic /COPB. 
fl 
Calcu la t ion  Procedure 
With i n i t i a l  v a l u e s  of 8 and H known e i t h e r  from t h e  laminar boundary 11 l a y e r  c a l c u l a t i o n  o r  t h e  s t agna t ion  l i n e  i n i t i a l  cond i t ions  Equations 3.12, 3.13 
and 3.14 are i n t e g r a t e d  us ing s tandard i n t e g r a t i o n  procedures.  The parameters 
8 H and 6 i n  conjunct ion wi th  t h e  s k i n  f r i c t i o n  c o e f f i c i e n t ,  and t h e  c r o s s  
f low th icknesses  a r e  determined along s t reaml ines  a s  func t ions  of t h e  known 
p r e s s u r e  d i s t r i b u t i o n .  
The streamwise f r e e  stream v e l o c i t y  U and angle  .a a r e  determined a s  shown 
i n  t h e  ske tch ,  a l s o  shown is t h e  angle  6 ,  %he angle  between t h e  p r o j e c t i o n  of 
t h e  e x t e r n a l  s t reaml ine  on t h e  s u r f a c e ,  and t h e  r e s u l t a n t  s k i n  f r i c t i o n  d i r e c t i o n .  
s i n a  
O > 
us/ua. 
i n a  
0 
The sum of t h e  two ang les  a  ando@ is  continuously monitored dur ing t h e  
c a l c u l a t i o n .  I f  t h i s  sum reaches  90 t h e  flow i s  completely spanwise and 
by d e f i n i t i o n  t u r b u l e n t  s e p a r a t i o n  h a s  occurred.  . The c a l c u l a t i o n  is stopped 
a t  t h i s  p o i n t .  
Boundary Layer T r a n s i t i o n  and Laminar Separat ion 
Boundary l a y e r  t r a n s i t i o n  is a very  complex phenomenon and t o  d a t e  no 
r e l i a b l e  t h e o r e t i c a l  method h a s  been developed f o r  i ts  p r e d i c t i o n .  Reynolds 
number is a  c o n t r o l l i n g  parameter, b u t  i t  has  been shown t h a t  t h e  Reynolds 
number a t  t r a n s i t i o n  can be  increased a considerable  amount by c a r e f u l  
e l i m i n a t i o n  of d i s tu rbances .  A t  ve ry  low Reynolds numbers, laminar boundary 
l a y e r s  a r e  s t a b l e  t o  smal l  d i s tu rbances ,  however, a t  h i g h e r  Reynolds numbers 
t h e  boundary l a y e r  i s  uns tab le ,  and smal l  d i s tu rbances  can b e  ampl i f ied .  
Amplif ica t ion of these d i s tu rbances  cause t h e  flow t o  become t u r b u l e n t .  The 
po in t  at which flow break down occurs  depends on t h e  s t r e n g t h  and dominant 
frequency of t h e  i n i t i a l  d i s tu rbance .  Disturbances may b e  due t o  f rees t ream 
turbulence,  s u r f a c e  roughness, n o i s e  o r  v i b r a t i o n  of t h e  s u r f a c e .  A s  t h e r e  
is  no d e t a i l e d  a n a l y s i s  of t h e  t r a n s i t i o n  process ,  t r a n s i t i o n  p r e d i c t i o n  is 
accomplished by means of empi r ica l  c o r r e l a t i o n s .  Granv i l l e  15 has  developed 
a  procedure based on t h e  determinat ion of t h e  n e u t r a l  s t a b l i E t y  po in t  and 
t h e  t r a n s i t i o n  po in t .  The n e u t r a l  s t a b i l i t y  po in t  i s  def ined  as t h a t  p o i n t  
downstream of which smal l  d i s tu rbances  a r e  ampl i f ied  w i t h i n  t h e  boundary 
l a y e r .  It is  t h i s  a m p l i f i c a t i o n  of smal l  d i s tu rbances  t h a t  u l t i m a t e l y  l e a d s  
t o  t r a n s i t i o n .  The n e u t r a l  s t a b i l i t y  point  is reached when t h e  Reynolds 
number based on t h e  l o c a l  momentum th ickness  and t h e  l o c a l  f low p r o p e r t i e s  
a t t a i n s  some c r i t i c a l  va lue ,  ROgn2 . .Schl icht ing and Ul r ich  (Ref. 16) have 
shown2that Rg can b e  c o r r e l a  e  wi th  t h e  l o c a l  p ressure  g r a d i e n t p a r a m e t e r  
K = €3 / u ( d ~ / d & ~ ?  C o r r e l a t i o n s  by Smith 17 and o t h e r s  have been reduced 
t o  a n a l y t i c a l  form a s  fol lows:  
I n s t a b i l i t y  Curves 
< 650 f o r  0 < Reins -
and K = 0.69412 - 0.23992 I n  Re 
2  + 0.0205 I n  Re 
f o r  650 < RBins ( 10,000. 
I f  f o r  a  given Re t h e  p ressure  g rad ien t  parameter K a s  c a l c u l a t e d  by 
Eqn. 3.24 o r  3.25 is  g r e a t e r  than t h a t  determined by t h e  boundary l a y e r  
development t h e  flow h a s  passed from a s t a b l e  t o  an uns tab le  region.  Once 
t h e  flow passes  i n t o  t h e  uns tab le  reg ion ,  t h e  t r a n s i t i o n  process  beg ins ,  
and Granv i l l e  has  been a b l e  t o  show t h a t  a  c o r r e l a t i o n  similar t o  the' i n s t a b i l i t y  
process  can be used t o  determine t h e  t r a n s i t i o n  po in t .  
~ r a n v i l l e  formed an  average p ressure  g rad ien t  parameter def ined a s  
f t rans  
J . K d s  
-- -- 
- 
s i n s  K = 
s - S 
t r a n s  i n s  
. which c o r r e l a t e d  reasonably w e l l  w i th  t h e  momentum th ickness  Reynolds number 
a t  t r a n s i t i o n  R Th is  c o r r e l a t i o n  is  presented i n  a n a l y t i c a l  form a s  
fol lows:  ' t r ans  
T r a n s i t i o n  Curves 
5 k = -0.0925 + 7.0 x 10- Rg 
< 750 , for  0 < % t r a n s  - 
- 2 
and K = 1.59381 - 0.45543 I n  Re+ 0.032534 I n  Re (3.29) 
f o r  1100 c Retrans - < 3000. 
When t h e  k c a l c u l a t e d  by one of t h e  above express ions  f o r  a given Rg i s  
g r e a t e r  than t h e  v a l u e  determined from the  boundary l a y e r  development, 
t r a n s i t i o n  is  pred ic ted .  
With t r a n s i t i o n  p red ic ted ,  i n i t i a l  va lues  .of t h e  momentum th ickness  9 
and t h e  shape f a c t o r  H a r e  requ i red  t o  s t a r t  t h e  t u r b u l e n t  boundary l a y e r  
c a l c u l a t i o n .  Because t h e  boundary l a y e r  growth i s  continuous t h e  momentum 
th ickness  a t  t r a n s i t i o n  i s  used a s  t h e  i n i t i a l  t u r b u l e n t  momentum thickness .  
S ince  t h e  shape f a c t o r  v a r i e s  from v a l u e s  g r e a t e r  t h a n 2 . 0  t o  l e s s  than 1.5 
through t h e  t r a n s i t i o n  reg ion  an empi r ica l  express ion i s  used t o  determine t h e .  
i n i t i a l  t u r b u l e n t  shape f a c t o r .  The empi r ica l  r e l a t i o n  between H and Rg 
t r a n s  
w a s  determined from d a t a  obtained by Coles 18: 
, 
- 1.4754 
Ht - + 0.9698 
.. L O g l ~ R e  t rans 
I n  many c a s e s  t h e  p ressure  g r a d i e n t  i s  of s u f f i c i e n t  s t r e n g t h  t o  
s e p a r a t e  t h e  laminar boundary l a y e r  p r i o r  t o  t r a n s i t i o n .  Except Zn extreme 
c a s e s  t h e  boundary l a y e r  w i l l  then r e a t t a c h ;  u s u a l l y  as a t u r b u l e n t  boundary 
l a y e r .  Only r e c e n t l y  have r e s e a r c h e r s  been a b l e  t o  analyze t h i s  phenomenon 
(Ref. 19)  and a s  y e t  the  procedure i s  extremely complicated and cumbersome, 
c o n s e q z n t l y  e m p i r i c a l  r e l a t i o n s h i p s  , a r e  s t i l l  requ i red .  From t h e  measurements 
o f  Gaster  (Ref. g), and o t h e r s  a c o r r e l a t i o n  i s  formed which i s  capable of 
p r e d i c t i n g  both  t h e  occurrence of ' s epara t ion  and l a t e r  t h e  reattachment a s  a 
t u r b u l e n t  boundary l a y e r  o r  t h e  c a t o s t r o p h i c  separa t ion .  
The c o r r e l a t i o n  is of t h e  form: 
f o r  Re 7 125 
and 
f o r  R e  < 125. (3.32) 
I f  K becomes l e s s  than -0.09 separa t ion  occurs ,  and i f  R e  is  l e s s  
than 125 t h e  boundary l a y e r  is n o t  a b l e  t o  re -a t t ach .  However, i f  is 
g r e a t e r  than 125 t h e  va lue  of K determined by t h e  boundary l a y e r  development 
must b e  l e s s  than t h a t  c a l c u l a t e d  by Eqn. 3.31 before  s e p a r a t i o n  wi thout  
reat tachment  is  pred ic ted .  ' I f  reattachment i s  p r e d i c t e d ,  t h e  t u r b u l e n t  
boundary l a y e r  c a l c u l a t i o n  is  i n i t i a t e d  us ing  t h e  momentum th ickness  c a l c u l a t e d  
a t  t h e  s e p a r a t i o n  po in t .  
F i n i t e  Di f fe rence  Boundary Layer Method 
On elements of a high l i f t  conf igura t ion  where t h e  flow f i e l d  i s  
p a r t i c u l a r l y  complex, such a s  i n  t h e  r e g i o n  where tlie .wing wake mixes o r  
i n t e r a c t s  wi th  t h e  f l a p  upper s u r f a c e ,  i n t e g r a l  boundary l a y e r  methods a r e  
no t  capable  of completely analyzing t h e  flow. A more s a t i s f a ~ t o r ~ m e t h o d  can be  
developed us ing f i n i t e  d i f f e r e n c e  methods. Such a method i s  descr ibed i n  t h e  
fo l lowing  paragraphs.  
Governing Equations 
The g o v e r n i n g e q u a t i o n s  of mean motion f o r  three-dimensional incompress ible  
f low i n  a g e n e r a l  system of c u r v i l i n e a r  or thogonal  coordinates  a re :  
Cont inu i ty  Equation 
a a a 
- (h3pu) + q (hlh3pv) + (hlpw) = 0 a (3.36) 
The shear  s t r e s s  terms i n  Eqs. (3.33) and (3.35) a r e :  
I f  a  p r a c t i c a l  three-dimensional h i g h - l i f t  system is  considered where it  can 
be  assumed t h a t  curva tu re  e f f e c t s  i n  t h e  spanwise d i r e c t i o n  a r e  n e g l i g i b l e  
compared t o  t h e  normal chord d i r e c t i o n ,  a  s u r f a c e  coordinate  system can be  
employed, where 
x = a  h = l + k y  1 k = f  (x) 
where k  is t h e  l o n g i t u d i n a l  s u r f a c e  curva tu re .  
The equa t ions  can then  be w r i t t e n  i n  t h e  following form: 
Cont inu i ty  
Equations (3.39) t o  (3.42) r e p r e s e n t  t h e  laminar boundary l a y e r  equa t ions  i n  
incompress ible  flow. The corresponding equat ions  i n  t u r b u l e n t  f low a r e :  
- - 
The c o n t i n u i t y  e q u a t i o n - i s  unchanged. The terms u 'v '  and v'w' 
r e p r e s e n t  t h e  Reynolds s t r e s s e s  i n  t h e  normal chord and spanwise d i r e c t i o n s .  
The s h e a r  s t r e s s  term u'v' is  represented by t h e  express ion 
- - =  v (au/ay - uk/l+ky) 
u 'v '  tx 
where 
vtx i s  t h e  eddy v i s c o s i t y ,  which i n  t h i s  case  is determined us ing  a two dimensional model. Then, i f  t h e  shear  s t r e s s  v e c t o r  is considered t o  be a l igned  
wi th  t h e  r a t e  of s t r a i n  v e c t o r  (Nash and P a t e l  (Zl)), the  eddy v i s c o s i t y  i n  t h e  . 
llz I 1  d i r e c t i o n  may be determined from t h e  express ion 
o r  t h e  e q u i v a l e n t  form 
Eddy V i s c o s i t y  Model 
The eddy v i s c o s i t y  model used i n  t h e  c a l c u l a t i o n  procedure i s  a  modi f i ca t ion  
of one developed f o r  two-dimensional t u r b u l e n t  boundary ' layers  and w a l l  jets 
over curved s u r f a c e s  (Ref. 22) .  The b a s i c  two l a y e r  model c o n s i s t s  of inner .  and 
o u t e r  r eg ions .  The inner  reg ion  p r o f i l e  i s  c a l c u l a t e d  us ing  t h e  modified 
Van Driest r e l a t i o n  
where 
The o u t e r  r eg ion  eddy v i s c o s i t y  p r o f i l e  i s  determined from t h e  Eddy 
Reynolds number (ud a /vt )  and t h e  i n t e r m i t t e n c y  func t ion  ( y (y) ) . formulat ions  
descr ibed i n  Reference - 22. These f u n c t i o n s  a r e  combined t o  g ive :  
where t h e  v e l o c i t y  s c a l e  ud and t h e  l e n g t h  s c a l e  a (s tandard d e v i a t i o n  o f '  
t h e  i n t e r m i t t e n c y  f u n c t i o n  y )  a r e  known f u n c t i o n s  of t h e  shape f a c t o r  H and 
t h e  displacement th ickness  6* f o r  convent ional  boundary l a y e r s .  
The ex tens ion  of t h e  eddy v i s c o s i t y  model t o  t h e  mixed flow case  
a s s o c i a t e d  w i t h  s l o t t e d  f l a p s  is  based on observat ions  made of t h e  develop- 
ment of w a l l s  j e t s  e x h i b i t i n g  both  v e l o c i t y  maxima and minima i n  t h e  p r o f i l e  
( s e e  s k e t c h ) .  
I n  t h e  r e g i o n  below t h e  v e l o c i t y  maxima 
(Region A) t h e  convent ional  eddy v i s c o s i t y  
model i s  used t o  d e s c r i b e  t h e  flow. The 
o u t e r  r eg ion  of t h e  p r o f i l e  .(Region C) 
r e p r e s e n t s  t h e  remnant of t h e  upstream 
boundary l a y e r  having a  l a r g e  v a l u e  o f  
t h e  shape f a c t o r  H. Measurements of t h e  t s tandard  d e v i a t i o n  of t h e  i n t e r m i t t e n c y  0 i n d i c a t e  t h a t  a n  asymptotic v a l u e  is  
approached a t  h i g h  va lues  of H. S imi la r  Y 
behavior  is observed f o r  t h e  v e l o c i t y  
d e f e c t  Ud. By employing t h e  asymptotic 
v a l u e s  of a and Ud i n  t h e  Eddy Reynolds 
number r e l a t i o n  udo/vt, a  t h i r d  l a y e r  i s  
e s t a b l i s h e d  which when joined t o  t h e  conven- 
t i o n a l  two l a y e r  eddy v i s c o s i t y  p r o f i l e  
p rov ides  a completed eddy v i s c o s i t y  model. 0 
u- 
n 
Wall j e t s  e x h i b i t i n g  only  a  maximum 
i n  v e l o c i t y  have been s tud ied  by many 
r e s e a r c h e r s .  Measurements of t h e  stand- 
a r d  d e v i a t i o n  a of t h e  i n t e r m i t t e n c y  
f u n c t i o n  y f o r  t h e s e  flows a l low 
p r e d i c t i o n s  t o  be  made of t h e  eddy 
v i s c o s i t y  i n  t h e  o u t e r  region of t h e  Y 
p r o f i l e  (Region B of ske tch) .  The 
v e l o c i t y  d e f e c t  Ud i n  t h i s  c a s e  is  
simply U - U .  Region A is  again  
desc r ibed  us ing  t h e  convent ional  boundary 0 
l a y e r  model f o r  t h e  eddy v i s c o s i t y .  
The s l o t t e d  a i r f o i l  (pass ive  b.lowing) case  r e s u l t s  i n  v e l o c i t y  p r o f i l e s  
which a r e  ve ry  s i m i l a r -  t o :  those  f o r .  taige-ntial i n j e c t i o n ;  p r o f i l e s  wi th  
v e l o c i t y  maxima i n  t h e  case  of the: leading edge s l o t t e d ' s l a t ,  and p r o f i l e s  wi th  
v e l o c i t y  maxima and minima f o r ' s l o t t e d  f l a p s .  A s  a consequence it was assumed 
t h a t  t h e  same eddy v i s c o s i t y  approach a s  developed f o r  t a n g e n t i a l  i n j e c t i o n  
could be  a p p l i e d  t o  t h e  s l o t t e d ' a i r f o i l  case.  The i n i t i a l  v e l o c i t y  p r o f i l e  f o r  
t h e  s l o t t e d  case  i s  shown i n  Figure 3.2. Two f a c t o r s  make t h e  problem s l i g h t l y  
d i f f e r e n t  from t h e  t a n g e n t i a l  i n j e c t i o n  c a s e .  These a re :  
( i )  With s l o t t e d  conf igura t ions ,  t h e  p e r s i s t e n c e  of t h e  p o t e n t i a l  
core ,  and 
( i i )  on. t h e  f l a p  s u r f a c e  t h e  p o s s i b i l i t y  of considerable  laminar f low 
a t  l e a s t  t o  t h e  s u c t i o n  peak. 
Consequently t h e  flow may c o n s i s t  of a laminar boundary l a y e r ,  above which is  
a p o t e n t i a l  core .  Above t h e  p o t e n t i a l  core  . is t h e  remnant of t h e  cove and 
upper s u r f a c e  t u r b u l e n t  boundary l a y e r s  of t h e  wing o r  preceding f l a p  segment. 
To account f o r  t h e  presence of t h e  laminar boundary l a y e r  and t h e  p o t e n t i a l  
core ,  t h e  eddy v i s c o s i t y  is s e t  t o  ze ro  i n  t h e s e  regions,  I n  t h e  p o t e n t i a l  
core  region t h e  remaining viscous  terms a r e  n e g l i g i b l e  i n  comparison wi th  t h e  
i n e r t i a  terms, r e s u l t i n g  i n - a  form of B e r n o u l l i s '  equat ion.  Three d i f f e r e n t  
eddy v i s c o s i t y  d i s t r i b u t i o n s  a r e  p o s s i b l e  depending on t h e  flow regime 
(Figure  3.3) . 
The i n c l u s i o n  of curva tu re  terms i s  e s s e n t i a l  t o  t h e  success  df  t h e  c a l -  
c u l a t i o n  method a s  is  t h e  n e c e s s i t y  of inc lud ing  t h e  s t a t i c  p r e s s u r e  v a r i a t i o n  
i n  t h e  d i r e c t i o n  normal t o  t h e  a i r f o i l  s u r f a c e .  I n  reg ions  away from t h e  wing 
t r a i l i n g  edge - f l a p  l ead ing  edge Eq. (3.44) is adequate;  however, i f  t h e  a fo re -  
mentioned r e g i o n  i s  of i n t e r e s t ,  then a p r e s s u r e  f i e l d  P(x,y) i n  t h e  two- 
dimensional and i n f i n i t e  swept wing case  o r  P(x,y ,  z) i n  the  f u l l  three-dimensional 
c a s e  must be  p resc r ibed .  The p r e s s u r e  f i e l d  above t h e  i n d i v i d u a l  f l a p  s u r f a c e s  
i s  determined d i r e c t l y  from t h e  known induced v e l o c i t y  f i e l d .  
Once t h e  eddy v i s c o s i t y  d i s t r i b u t i o n ,  t h e  s u r f a c e  curva tu re  and t h e  p r e s s u r e  
f i e l d  P(x,y) a r e  known, Eqns. 3.43, 3 .,44 and 3.45 can be solved i n  conjunct ion 
wi th  t h e - c o n t i n u i t y  equat ion.  I n  t h e  p r e s e n t  c a l c u l a t i o n  a l l  spanwise g r a d i e n t s  
have been neglected.  The r e s u l t i n g  equations a r e  solved using a modi f i ca t ion  of 
t h e  Crank - Nicholson procedure (23) f i r s t  descr ibed i n  Ref. 24. 
-
The i n i t i a l  v e l o c i t y  p r o f i l e  is determined by combining known o r  assumed 
v e l o c i t y  d i s t r i b u t i o n s  i n  t h e  wing t r a i l i n g  edge - p o t e n t i a l  core  region.  
The i n t e g r a l  method CIBL) i s  used t o  c a l c u l a t e  t h e  boundary l a y e r  development . 
t o  t r a n s i t i o n  o r  t o  some po in t  on t h e  f l a p  s u r f a c e  downstream of t h e  wing t r a i l i n g  
edge i f  t r a n s i t i o n  t akes  p lace  i n  t h e  s l o t  region.  The ca lcu la ted  i n t e g r a l  
parameters a t  t h e  s l o t  e x i t  a r e  then used t o  determine t h e  laminar o r  t u r b u l e n t  
boundary l a y e r  v e l o c i t y  d i s t r i b u t i o n  and th ickness .  I f  t h e  flow is laminar ,  t h e  
laminar boundary l a y e r  p r o f i l e  on t h e  f l a p  upper s u r f a c e  i s  represented by a 
Pohlhausen polynomial. I f  t h e  flow i s  t u r b u l e n t ,  ~hompson 's  v e l o c i t y  p r o f i l e  
family i s  used t o  c a l c u l a t e  t h e  v e l o c i t y  d i s t r i b u t i o n .  
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The p o t e n t i a l  core  v e l o c i t y  d i s t r i b u t i o n  i s  determined froxn t h e  c a l c u l a t e d  
off-body p r e s s u r e s  ( P ( x , y ) ) ,  The wing lower s u r f a c e  boundary l a y e r  p r o f i l e  
is  represen ted  by a power law p r o f i l e ,  whi le  t h e  wing upper s u r f a c e  t r a i l i n g  
edge v e l o c i t y  p r o f i l e  is determined us ing Thompson's v e l o c i t y  p r o f i l e  family  
(12) and t h e  va lues  of H, R and C a t  t h e  wing t r a i l i n g  edge. 8 f 
Aerodynamic Forces 
The aerodynamic l i f t  c o e f f i c i e n t  f o r  a given conf igura t ion  can be 
determined i n  s e v e r a l  ways. For c losed t r a i l i n g  edge a i r f o i l s ,  t h e  most 
a c c u r a t e  procedure involves  summing t h e  i n d i v i d u a l  vor tex  s h e e t  s t r e n g t h s .  
from which 
where 
r = c i r c u l a t i o n  about a i r f o i l  
yi , = v o r t e x  s t r e n g t h  of ith s i n g u l a r i t y  
U = f r e e s t r e a m v e l o c i t y  
m 
C = re fe rence  chord. 
When t h e  a i r f o i l  t r a i l i n g  edge remains open Eqn. 3 . 9 d o e s  no t  n e c e s s a r i l y  
g ive  t h e  c o r r e c t  c i r c u l a t i o n  even though t h e  v o r t e x  d i s t r i b u t i o n  i s  a v a l i d  
s o l u t i o n  f o r  t h e  given boundary cond i t ions .  The p ressure  d i s t r i b u t i o n  de te r -  
mined from t h e  v o r t e x  d i s t r i b u t i o n  is  i n  very poor agreement wi th  experiment 
( s e e  F igure  3 .4 ) .  Consequently i t  h a s  been found t h a t  more s a t i s f a c t o r y  
p r e s s u r e  d i s t r i b u t i o n s  can b e  determined from t h e  express ion 
The l i f t  is then  determined by' i n t e g r a t i o n  of t h e  p ressure  c o e f f i c i e n t s  
about t h e  a i r f o i l .  
0 NACA 65 - 210 (REF 26) 
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FIG. 3.4 COMPARISON OF METHODS FOR 
CALCULATING PRESSURE COEFFICIENTS 
The flow model used t o  represen t  open t r a i l i n g  edge a i r f o i l s  is being 
reviewed. T t  i s  p o s s i b l e  t h a t  wi th  t h e  Kutta cond i t ion  y = - Y 1  a  small U 
amount of c i r c u l a t i o n  i n s i d e  t h e  a i r f o i l  g i v e s  r i s e  t o  non-zero t a n g e n t i a l  
v e l o c i t i e s  i n s i d e  t h e  a i r f o i l  and consequently v o r t i c i t y  s t r e n g t h  which is  
g r e a t e r  than i f  t h e  flow i n s i d e  t h e  a i r f o i l  w a s  s tagnant .  
P i t c h i n g  moment c h a r a c t e r i s t i c s  a r e  determined a s  fol lows:  It is 
presumed t h a t  incremental  r e s u l t a n t  p ressure  f o r c e s  a c t  a t  t h e  c e n t e r  of 
p r e s s u r e  of a  smal l  panel  of a  p resc r ibed  length .  Consequently, t h e  p ressure  
f o r c e  times t h e  moment arm t o  some r e f e r e n c e  p o i n t  g i v e s  t h e  increment i n  
p i t c h i n g  moment f o r  t h a t  p o i n t .  The sum of t h e  incremental  p i t c h i n g  moments 
f o r  each c a l c u l a t e d  p ressure  g ives  t h e  p i t c h i n g  moment f o r  t h e  system. 
The p r o f i l e  d rag  i s  determined f o r  a streamwise s e c t i o n  of t h e  i n f i n i t e '  
span wing by u s i n g  t h e  Squire  and Young drag formula ( 2 5 ) .  
The streamwise momentum th ickness  os ,  v e l o c i t y  Us and shape f a c t o r  
a r e  used i n  Eqn. 3.54.  The s k i n  f r i c t i o n  drag c o e f f i c i e n t  is determined Hs 
by t h e  summation of t h e  l o c a l  s k i n  f r i c t i o n  f o r c e s  i n  t h e  drag d i r e c t i o n .  
P r e s s u r e  drag is determined by taking t h e  d i f f e r e n c e  between p r o f i l e  drag 
and f r i c t i o n  drag.  
CALCULATION PROCEDURES 
A l l  of t h e  c a l c u l a t i o n  methods, p o t e n t i a l  f low and boundary l a y e r ,  a r e  
incorpora ted  i n t o  a s i n g l e  computer program. The c a l c u l a t i o n  sequence i s  
o u t l i n e d  beiow: 
( i )  The p o t e n t i a l  flow p r e s s u r e  f i e l d  i s  computed f o r  a mul t i -  
element i n f i n i t e  swept wing conf igura t ion  ( c o n s i s t i n g  of up t o  four  elements,  
a l e a d i n g  edge s l a t ,  t h e  main a i r f o i l ,  and a  double-s lot ted  f l a p )  . 
( i i )  The boundary l a y e r  p r o p e r t i e s  a r e  then computed f o r  each element 
of t h e  c o n f i g u r a t i o n  a s  a  f u n c t i o n  of t h e  p o t e n t i a l  f low p r e s s u r e  d i s t r i b u -  
t i o n .  Included i n  t h e s e  c a l c u l a t i o n s  a r e  t h e  l o c a t i o n s  of t r a n s i t i o n  o r  
laminar  s e p a r a t i o n  and t u r b u l e n t  s e p a r a t i o n ,  i f  p resen t .  
( i i i )  Source d i s t r i b u t i o n s  are determined t o  r e p r e s e n t  t h e  displacement 
e f f e c t s  of t h e  boundary l a y e r  on each element and of t h e  wing wake-flap 
boundary l a y e r  i n t e r a c t i o n .  
( i v )  A new p o t e n t i a l  f low s o l u t i o n  is  then computed t ak ing  i n t o  account 
t h e  source  d i s t r i b u t T o n  computed i n  s t e p  ( i i i )  above. 
S teps  ( i i )  through ( i v )  a r e - r e p e a t e d  u n t i l  convergence (based on t h e  p ressure  
d i s t r i b u t i o n  and l i f t  c o e f f i c i e n t )  is achieved,  or  u n t i l  t h e  case  is abandoned 
f o r  reasons  such a s  l a r g e  s e p a r a t i o n  zones. L i f t ,  drag and p i t ch ing  moment 
c o e f f i c i e n t s  a r e  then c a l c u l a t e d  f o r  t h e  given conf igura t ion .  The approach 
i s  i l l u s t r a t e d  i n  Figure  4.1. 
The a c t u a l  program over lay  s t r u c t u r e  i s ' g i v e n  i n  Figure  4.2. The main 
superv i sor  program has been c a l l e d  VIP ( f o r  v i s c o u s / p o t e n t i a l  flow i n t e r a c t i o n ) .  
This  program d i r e c t s  t h e  o v e r a l l  flow of t h e  c a l c u l a t i o n .  The o t h e r  programs 
inc lude  POTFLOW ( p o t e n t i a l  f low),  IBL ( i n t e g r a l  boundary l a y e r  method, 
INSPAN ( i n f i n i t e  span f i n i t e  d i f f e r e n c e  method, and ~ E L D P T  ( f i e l d  po in t  
c a l c u l a t i o n  f o r  off-body p r e s s u r e s ) .  
CALCULATIONS AND DISCUSSION OF RESULTS 
The u l t i m a t e  t e s t  of any a n a l y s i s  method is i n  how w e l l  does i t  p r e d i c t  
a c t u a l  aerodynamic performance. This  can be determined i n  t h e  case  of p o t e n t i a l  
flow methods by comp&ison wi th  exac t  s o l u t i o n s ;  f o r  boundary l a y e r  methods, 
t h e  usua l  recourse  however, i s  comparison wi th  experiment. Evaluation of t h e  
o v e r a l l  v i s c o u s / p o t e n t i a l  f low i n t e r a c t i o n  a n a l y s i s  can a l s o  be made on ly  
through comparison wi th  experiment. The comparisons t h a t  fo l low represen t  a  
c ross - sec t ion  of t h e  p o s s i b l e  conf igura t ions  t h a t  can be t r e a t e d  by t h e  a n a l y s i s  
met hod. 
The p o t e n t i a l  f low method developed as p a r t  of t h e  c o n t r a c t  e f f o r t  has 
been compared wi th  s e v e r a l  exact. p o t e n t i a l  flow analyses .  Of considerable  
i n t e r e s t  i s  t h e  comparison f o r  t h e  highly  cambered Karman-Trefftz a i r f o i l  
shown i n  Figure  5.1. Hess (27) has  used t h i s  case  t o  demonstrate t h e  degree  
o f  agreement between h i s  new method and o t h e r  c l a s s i c a l  methods. It i s  there-  
f o r e  encouraging t o  n o t e  t h a t  our a n a l y s i s  i s  i n  almost t o t a l  agreement wi th  t h e  
exac t  case  i n  comparison wi th  o t h e r  methods. A second comparison with an  
exac t  s o l u t i o n  is  f o r  t h e  two element s l o t t e d  f l a p  a i r f o i l  conf igura t ion  of 
Williams (28) .  Here aga in  agreement between t h e  numerical approach and t h e  
exact  s o l u t i o n  i s  e x c e l l e n t  (Figure  5.2).  
Two c a l c u l a t i o n s  have been included t o  demonstrate some of the  c a p a b i l i t y  
of t h e  f i n i t e  d i f f e r e n c e  boundary Layer method i n  two-dimensions (see  Ref. 22) . 
The e f f e c t  of l o n g i t u d i n a l  s u r f a c e  curvature  on t h e  boundary l a y e r  development 
i s  shown i n  Figure  5.3. It w i l l  be  seen t h a t  when curva tu re  e f f e c t s  a r e  ignored 
t h e  c a l c u l a t i o n  is  i n  poor agreement wi th  t h e  da ta .  The c a l c u l a t i o n s  shown i n  
Figure  5.4 demonstrate t h a t  v e l o c i t y  p r o f i l e s  t y p i c a l  of thoge found on t h e  
upper s u r f a c e s  of s l o t t e d  o r  blown f l a p s  can be  p red ic ted  q u i t e  accura te ly .  
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FIG. 5.1 COMPARISON BETWEEN NUMERICAL AND 
EXACT POTENTIAL FLOW SOLUTIONS 
FIG. 5.2 COMPARISON BETWEEN NUMERICAL AND 
EXACT POTENTIAL FLOW SOLUTIONS 
CYLINDER \ d = 6 I N  
l NCH ES 
€?@.015 t 
O EXPERIMENTAL DATA 
(PATE L) 
THEORETICAL CALCULATIONS 
- WITH CURVATURE 
-- - -- WITHOUT CURVATURE 
2.0 
s - INCHES 
FIG. 5.3 COMPARISON OF CALCULATED AND 
MEASURED TURBULENT BOUNDARY LAYER 
















FIG. 5.4 COMPARISON OF CALCULATED AND MEASURED 
VELOCITY PROFILE DEVELOPMENTS 
DOWNSTREAM OF A BLOWING SLOT 
Calcu la t ions  were made f o r  a s e r i e s  of angles-of-attack f o r  t h e  new 
NASA GA(w)-1 a i r f o i l .  Comparisons were made wi th  t h e  NASA measurements and 
w i t h  c a l c u l a t i o n s  made by Morgan (29) using t h e  Lockheed program. The 
r e s u l t s  a r e  shown on Figures  5.5, 5.6 and 5.7. Both methods g ive  e x c e l l e n t  
agreement w i t h  experiment i n  comparison wi th  measured l i f t  and p i t c h i n g  moment 
coef . f i c ien t s  (Figure  5 .5) .  A t  t h e  higher  angles-of-attack t h e  source  method 
:. appears  t o  be  i n  b e t t e r  agreement wi th  experiment. I n  a l l  cases  however t h e  
Lockheed program i s  i n  s l i g h t l y  b e t t e r  agreement wi th  experiments i n  t h e  
t r a i l i n g  edge reg ion  i n  t h e  p r e d i c t i o n  of p ressure  c o e f f i c i e n t s .  I n  t h e  
p r e s e n t  program (VIP) t h e  p r e s s u r e  c o e f f i c i e n t s  a r e  c a l c u l a t e d  on t h e  o r i g i n a l  
a i r f o i l  s u r f a c e ,  and i t  is  be l i eved  t h a t  i f  t h e  p ressures  a r e  determined 
a t  off-body p o i n t s  def ined by t h e  displacement th ickness  t h a t  improved agreement 
w i t h  exper imental  p ressures  w i l l  r e s u l t .  This procedure w i l l  be  t r i e d  a t  a 
later d a t e .  Measured and c a l c u l a t e d  drag p o l a r s  a r e  shown i n  F igure .5 .6 .  
No allowance h a s  been made f o r  t r i p  d rag  o r  s e p a r a t i o n  e f f e c t s  i n  t h e  calcu- 
l a t i o n s  a l though t h e s e  a r e  p resen t  i n  t h e  measurements. Calcula ted and measured 
p r e s s u r e  d i s t r i b u t i o n s  a r e  compared i n  Figure 5.7. Current ly  n e i t h e r  theo- 
r e t i c a l  approach is capable  of p r e d i c t i n g  t h e  e f f e c t s  of s e p a r a t i o n  p r e s e n t  i n  
t h e  measurements. A f u r t h e r  s e t  o f  c a l c u l a t i o n s  were made f o r  t h e  NACA 23012 
a i r f o i l .  Comparisons between theory and experiment f o r  l i f t  c o e f f i c i e n t  ve rsus  
angle-of-a t tack (Figure  5.8) and l i f t  ve r sus  drag (Figure 5.9) a r e  i n  good 
agreement. 
The multi-element p r e d i c t i o n  c a p a b i l i t y  of t h e  program is demonstrated i n  
F igures  5.10 through 5.14. T h e . f i r s t  c a s e  considered is  t h a t  of t h e  NACA 
23012 a i r f o i l  wi th  a 25 percen t  chord s l o t t e d  f l a p  (Ref. 30) .  A s  shown i n  
F igure  5.10 t h e  p resen t  method is  i n  b e t t e r  agreement wi th  experiment than  
is  t h e  Lockheed program. It is  be l i eved  t h a t  t h e  use  of a f i n i t e  d i f f e r e n c e  
boundary l a y e r  method inc lud ing  t h e  e f f e c t s  of curva tu re  and normal p r e s s u r e  
g r a d i e n t s  r e s u l t s  i n  an improved phys ica l  r e p r e s e n t a t i o n  of t h e  f low i n  t h e  
wing t r a i l i n g  edge-flap u p p e r . s u r f a c e  reg ion .  This i n  t u r n  r e s u l t s  i n  a n  
improved p r e d i c t i o n  of t h e  c i r c u l a t i o n  about t h e  complete conf igura t ion  when 
v i scous  e f f e c t s  a r e  included. S imi la r  conclusions can be drawn from t h e  r e s u l t s  
of.. F igure  5.11 f o r  t h e  NACA 23012 conf igura t ion  having a l ead ing  edge s l o t  
and a s l o t t e d  f l a p  (Ref. 31).  
The NACA 64A010 a i r f o r 1  wi th  l ead ing  edge s l o t  and a double s l o t t e d  f l a p  
(Ref.  32) is considered i n  Figure  5.12, Also shown f o r  comparison a r e  t h e  
r e s u l t s  f o r  t h e  same conf igura t ion  from t h e  Lockheed program. The comparison 
is  s i m i l a r  t o  t h a t  of Figure 5 .11 i n  t h a t  the g r e a t e s t  d i f f e r e n c e  between 
t h e  two r e s u l t s  is  i n  t h e  p r e d i c t i o n  of t h e  p ressure  d i s t r i b u t i o n  f o r  t h e  
main element.  It is  be l i eved  t h a t  t h e  d i f f e r e n c e  i s  a r e s u l t  of t h e  way i n  
which t h e  two programs t r e a t  t h e  mixing between t h e  main element and t h e  
double s l o t t e d  f l a p s .  
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64A010 + SLAT + DOUBLE SLOTTED FLAP 
SSLAT = -3.3'. SFLAP = 20°, a = 40 
LOCKHEED PROGRAM CR = 1.34 
---- VIP CR = 2.033 
. . 
FIG. 5.12 COMPARISON OF PREDICTED PRESSURE 
DISTRIBUTIONS FOR NACA 64A010 AIRFOIL 
WITH L.E. SLAT AND DOUBLE SLOTTED FLAP 
A second and c ~ n s i d e r a b l y  more cha l l eng ing  case  has  been i n v e s t i g a t e d  
us ing t h e  same b a s i c  f o u r  element geometry, I n  t h i s  example t h e  s l o t  and 
double s l o t t e d  f l a p s  a r e  pos i t ioned  i n  a l and ing  conf igura t ion  - 
- 26.1Q, & = 52.7". Two problems have been encountered a t  ' 'slat 
t h i s  t ime 6AaPthey w i l l  r e q u i r e  f u r t h e r  study. The f i r s t  problem c e n t e r s  on 
t h e  i t e r a t i v e  procedure f o r  s o l u t i o n  o f  t h e  in f luence  c o e f f i c i e n t  matr ix .  
Each element is h i t i a l l y  analyzed I n  i s o l a t i o n  with respec t  t o  i t s  neigh- 
bor ing  components. Tnterference e f f e c t s  a r e  then determined and t h e  a n a l y s i s  
continued u n t i l  convergence is  achieved.  The problem a r i s e s  when i n t e r f e r e n c e  
e f f e c t s  are added t o  t h e  s l o t  loading ( i n i t i a l l y  s t r o n g l y  n e g a t i v e l y  loaded 
because of t h e  negat ive  angle-of-a t tack) ,  and change t h e  loading t o  s t r o n g l y  
p o s i t i v e  l i f t .  The r e s u l t  is  a d ivergen t  s o l u t i o n .  Another p o s s i b l e  d i f f i c u l t y  
wi th  t h e  conf igura t ion  a n a l y s i s  may be with t h e  method of s o l u t i o n .  L inear ly  
varying v o r t i c i t y  methods do no t  have a s t r o n g  diagonal ly  dependent matr ix  as 
i n  t h e  c a s e  of constant  source pane l  methods. I t e r a t i v e  methods o f  s o l u t i o n  
r e l y  t o  a considerable  e x t e n t  on t h e  s t r o n g  diagonal  f o r  t h e i r  success .  More 
work is  d e f i n i t e l y  needed i n  t h e  a r e a  of f a s t  r e l i a b l e  s o l u t i o n  techniques.  
When t h e  problem with  t h e  i t e r a t i v e  s o l u t i o n  w a s  encountered,  t h e  d i r e c t  
technique w a s  used t o  ob ta in  t h e  i n v i s c i d  p ressure  d i s t r i b u t i o n .  A s  a  r e s u l t  
of a v e r y  high s u c t i o n  peak i n  t h e  t r a i l i n g  edge region of t h e  upper s u r f a c e  
of t h e  main element (probably due t o  t h e  ve ry  high camber e f f e c t  r e s u l t i n g  
from t h e  h i g h l y  d e f l e c t e d  f l a p s )  t h e  s t a r t i n g  v e l o c i t y  p r o f i l e  t o  t h e  f i n i t e  
d i f f e r e n c e  program had unacceptably high v e l o c i t i e s .  More work is needed t o  
r e s o l v e  t h i s  problem. 
The RAE 2815 conf igura t ion  t e s t e d  by F o s t e r  (33) c o n s i s t i n g  of a main 
element and a s i n g l e  s l o t t e d  f l a p  h a s  been considered i n  Figures  5 .13 and 5.14. 
The comparisons i n  Figure  5.13 inc lude  measurements and c a l c u l a t i o n s  f o r  two 
conf igura t ions .  The sp ike  i n  p ressure  measured by Fos te r  is n o t  dup l ica ted  
by NASA Ames, nor  is  it reproduced i n  t h e  c a l c u l a t e d  p ressure  d i s t r i b u t i o n s .  
Th is  h a s  a marked e f f e c t  on t h e  v e l o c i t y  p r o f i l e s  shown i n  Figure  5.14. 
Although t h e  i n i t i a l  v e l o c i t y  p r o f i l e s  a r e  i n  reasonable  agreement, t h e  
d i f f e r e n t  p r e s s u r e  g rad ien t  cond i t ions  experienced by t h e  measured and 
c a l c u l a t e d  boundary l a y e r  developments r e s u l t s  i n  q u i t e  d i f f e r e n t  downstream 
p r o f i l e s .  It is  i n t e r e s t i n g  t o  no te ,  however, t h a t  t h e  aerodynamic load 
comparisons shown i n  Table 2 a r e  i n  g e n e r a l l y  good agreement. Comparisons a r e  
a l s o  made f o r  t h e  RAE 2815 conf igura t ion  having a drooped lead ing  edge, and a 
s l o t t e d  f l a p  d e f l e c t e d  30 degrees.  A l l  comparisons were a t  9' angle-of-attack 
and at  a Reynolds number of 3.8 m i l l i o n .  
0 FOSTER 2.5% GAP, 3.1% O.L. 
' 0 NASA AMES 1.5% GAP, 1.0% O.L. 
VIP 2.5% GAP, 3.1% O.L. 
---- VIP 1.5% GAP, 1.0% O.L. 
- FIRST MEASURED 1 VELOCITY PROFILE 
FIG. 5.13 COMPARISON OF MEASURED AND PREDICTED 
PRESSURE DISTRIBUTION FOR FOSTER'S 
AIRFOIL FLAP COMBINATION 
FOSTER (lo0 FLAP DEFLECTION) 
2.5% GAP, 3.1% 0.L . 
a = 90 
0 EXP'T XIC = .894 
EXP'T XIC = 1.240 (FLAP T.E.) 
VIP XIC = .883 
---- VIP XIC = 1.240 
U/U INV 
FIG. 5.14 COMPARISON OF MEASURED AND PREDICTED 
VELOCITY PROF1 LES ON FLAP UPPER SURFACE 
Table 2 - RAE 2815 
Flap Conf i g u r a  t i o n  C~ C C~ C 
neas .  L~ a l c  . mea s . D ~ a l c .  
10" f l a p  
.025C Gap 
10"  f l a p  
.015C Gap 
30" f l a p  
.020C Gap 
The i n f i n i t e  swept wing c a p a b i l i t y  o f  t h e  program is  considered i n  Figures  
5.15 through 5.19. Ca lcu la t ions  have been made f o r  comparison wi th  Cumpsty and 
Heads measurements (Ref. 34) on a 61.1" swept wing. Unfor tunate ly  t h e  con- 
f i g u r a t i o n  t e s t e d  had a l a r g e  r e g i o n  of separa ted  flow on bo th  t h e  upper and 
lower s u r f a c e s .  A s  shown i n  Figure  5.15 t h e  measured and c a l c u l a t e d  p r e s s u r e  
d i s t r i b u t i o n s  a r e  i n  reasonable  agreement i n  t h e  forward s e c t i o n  of t h e  a i r f o i l  
a l though t h e  separa ted  flow g r e a t l y  modif ies  t h e  p ressures  i n  t h e  t r a i l i n g  edge 
reg ion .  The p red ic ted  streamwise momentum th ickness  v a r i a t i o n  is  i n  good agree- 
ment w i t h  experiment away from t h e  s e p a r a t i o n  r e g i o n  a s  shown i n  F igure  5.16. 
The comparison between pred ic ted  and measured va lues  of t h e  ang le  B ' i s  good 
on ly  i n  t h e  r e g i o n  f a r  removed from s e p a r a t i o n ,  whi le  t h e  p red ic ted  shape 
f a c t o r  H is i n  poor agreement wi th  experiment (Figure  5.17). The behavior 
of H i s  a r e s u l t  of much l a r g e r  c a l c u l a t e d  p r e s s u r e  g r a d i e n t s  than  e x i s t  i n  
t h e .  exper imental  case .  
F igures  5.18 and 5.19 represen t  t h e  r e s u l t s  of c a l c u l a t i o n s  f o r  t h e  RAE 
2815 a i r f o i l  f l a p  conf igura t ion  swept 25 degrees .  The p ressure  d i s t r i b u t i o n  
r e s u l t i n g  from 5 i t e r a t i o n s  of program VIP is  shown i n  F igure  5.18. Also 
included a r e  t h e  c a l c u l a t e d  aerodynamic l i f t  d rag  and moment c o e f f i c i e n t s  f o r  
ko th  t h e  25 degree  and zero degree  cases .  I n  t h i s  comparison t h e  l i f t  and moment 
c o e f f i c i e n t s  a r e  reduced s l i g h t l y ,  whi le  t h e  d rag  a s  a r e s u l t  of t h e  inc reased  
streamwise d i s t a n c e  is  considerably  g r e a t e r  f o r  t h e  swept wing. Flap t r a i l i n g  
edge streamwise and c r o s s  f low v e l o c i t y  p r o f i l e s  a r e  shown i n  Figure  5.19. For 
t h i s  p a r t i c u l a r  c a s e  t h e  cross-flow p r o f i l e s  on t h e  f l a p  upper s u r f a c e  a r e  ve ry  
smal l ,  a  r e s u l t  bo th  of t h e  moderate sweep ang le ,  and t h e  moderate loading on t h e  
f l a p .  - 
o CUMPSTY AND HEAD 
(AIRFOIL UPPER SURFACE) 
Re = 1.377 X lo6 
VIP (INVISCID CALCULATION) 
---- VIP (ITERATION NO. 6) 
FIG. 5.15 COMPARISON OF MEASURED AND PREDICTED 
PRESSURE DISTRIBUTIONS FOR AN INFINITE 
SWEPT WING. 
FIG. 5.16 COMPARISON OF MEASURED AND PREDICTED 
STREAMWISE MOMENTUM THICKNESS DEVELOPMENT 
] CUMPSTY AND HEAD 
A 
VIP (ITERATION NO. 6) 
FIG. 5.17 COMPARISON OF MEASURED AND PREDICTED 
SHAPE FACTOR AND ANGLE P DEVELOPMENTS 
FOR AN INFINITE SWEPT WING 
CALCULATIONS (VIP) 
RAE 2815 (lo0 FZAP DlZFLEXTION) 
2.5% GAP, 3.1% O.L. 
CU = go, Cro = 25' 
CALCULATED AERODYNAMIC COEFFICIENTS 
SWEEP ANGLE 25O 
-
FIG. 5.18 PREDICTED PRESSURE DISTRIBUTIONS FOR 
FOSTER'S A1 RFOI L-FLAP CONFIGURATION 
SWEPT 25 DEGREES 
FIG. 5-19 PREDICTED STREAMWISE AND CROSS-FLOW 
VELOCITY PROF1 LES AT FLAP TRAILING 
EDGE FOR FOSTER'S AIRFOIL FLAP 
CONFIGURATION SWEPT 25 DEGREES. 
PROGRAM LIMITAT IONS 
Although i t  is bel ieved t h a t  t h e  c a l c u l a t i o n  procedure and computer program 
is capable  of analyzing a wide v a r i e t y  of a i r f o i l  c o n f i g u r a t i o n s ,  l i m i t a t i o n s  
both  i n  t h e o r e t i c a l  methods and due t o  program s t r u c t u r e  r e s t r i c t  t h e  range 
of a p p l i c a t i o n .  These l i m i t a t i o n s  inc lude  r e s t r i c t i o n  t o :  
- I n f i n i t e  swept wings c o n s i s t i n g  of a t  most four  elements two of 
which can be s l o t t e d  f l a p s .  
- Incompressible flow; a l though t h e  p ressure  d i s t r i b u t i o n s  a r e  
c o r r e c t e d  f o r  ~ a c h  number e f f e c t s  us ing Gother ts  r u l e .  
- Small regions  o f '  separa t ion .  Although t h e  source  method lends  
i t s e l f  r e a d i l y  t o  t h e  development of a separated flow model, t h e  
c u r r e n t  model does n o t  have t h i s  c a p a b i l i t y  ( a s  apparent  from 
t h e  r e s u l t s  of Figure  5.15).  I f  s e p a r a t i o n  i s  pred ic ted  t h e  e x i s t -  
i n g  approach is t o  simply e x t r a p o l a t e  t h e  source s t r e n g t h  t o  t h e  
t r a i l i n g  edge of the  a i r f o i l .  
O s c i l l a t i o n s  i n  l i f t  occurred i n  e a r l y  c a l c u l a t i o n s  having p red ic ted  
r e g i o n s  of s e p a r a t i o n .  It was f i n a l l y  determined t h a t  t h i s  was due t o  un- . 
accep tab ly  l a r g e  source s t r e n g t h s  a t  t h e  t r a i l i n g  edge of t h e  a i r f o i l .  
A numerical  experiment demonstrated t h a t  monotomically convergent s o l u t i o n s  
can be  ob ta ined  i f  the  maximum va lue  of t h e  source  s t r e n g t h  a t  t h e  t r a i l i n g  
edge of s i n g l e  element a i r f o i l s  be  l i m i t e d  us ing t h e  c r i t e r i o n  
'%ax = 0.115 - 0 . O l  (ITR-1) 
where 1 - < ITR ITRMAX 
For con£ i g u r a t i o n s  having s l o t t e d  f l a p s  t h e  maximum v a l u e  of q .  c u r r e n t l y  
a l l o w e d . i n  t h e  program is  0.15. I n  a l l  cases  analyzed t o  d a t e  t h e  behavior 
of t h e  l i f t  c o e f f i c i e n t  has  been a monotonic decrease  wi th  inc reas ing  number 
o f  i t e r a t i o n s .  
CONCLUSIONS AND RECOMMENDATIONS 
The v i s c o u s / p o t e n t i a l  f low i n t e r a c t i o n  program descr ibed - i n  t h i s  r e p o r t  
employs p o t e n t i a l  f low and boundary l a y e r  procedures which a r e  c u r r e n t l y  
unique t o  t h i s  method and i t  i s  bel ieved t h a t  because of t h i s  the  a n a l y s i s  
r e p r e s e n t s  a cons ide rab le  advance on o t h e r  methods of i t s  type.  The program 
i n  i ts  p r e s e n t  form is a p p l i c a b l e  t o  a wide v a r i e t y  of problems, i n  p a r t i c u l a r ,  
t o  t h e  i n f i n i t e  swept wing case .  There i s  however cons ide rab le  scope f o r  
ex tens ion  t o  a g e n e r a l  three-dimensional wing c a l c u l a t i o n  procedure.  
S p e c i f i c  conclus ions  regard ing  each of t h e  major components of t h e  program 
a r e  g iven i n  t h e  fo l lowing paragraphs.  
' - The v o r t e x  l a t t i c e  p o t e n t i a l  f low method developed f o r  t h i s  program 
is  a n  a c c u r a t e  numerical  approach, adapted f o r  two-dimensions, from a 
genera l  t h r e e  d imensional  l i f t i n g  p o t e n t i a l  f low method developed by one of 
t h e  au thors .  The ex tens ion  t o  the  t h r e e  dimensional  c a s e  i s  t h e r e f o r e  r e l a t i v e l y  
s t r a igh t fo rward .  
- The i n t e g r a l  boundary l a y e r  method used f o r  s i n g l e  element a i r f o i l s  
and c u r r e n t l y  on a l l  b u t  t h e  f l a p  upper s u r f a c e s  i n  t h e  multi-element mode, 
i s  q u i t e  a c c u r a t e ,  a s  wi tnessed by t h e  good. drag p r e d i c t i o n  c a p a b i l i t y .  A t  
t h e  same t ime t h e  method uses  only a f r a c t i o n  of a second of computer t ime 
per  boundary l a y e r  development. 
The i n c l u s i o n . o f  c u r v a t u r e  and normal p r e s s u r e  g r a d i e n t  e f f e c t s  i n  t h e  
f i n i t e  d i f f e r e n c e  boundary l a y e r  method enables  complicated boundary l a y e r  
flows t o  be  represen ted  more a c c u r a t e l y  than i s  p o s s i b l e ' b y  o t h e r  procedures 
now a v a i l a b l e .  It i s  be l i eved  t h a t  t h e  improved p h y s i c a l  r e p r e s e n t a t i o n  of 
the  f low over  s l o t t e d  f l a p s  is  respons ib le  f o r  t h e  g r e a t e r  degree of agreement 
wi th  experiment than i s  achieved by o t h e r  methods. 
-. The use  of sources  t o  r e p r e s e n t  t h e  displacement e f f e c t s  of t h e  boundary 
l a y e r  on t h e  p o t e n t i a l  f low, whi le  n o t  n e c e s s a r i l y  more a c c u r a t e  a procedure 
than t h e  d i r e c t  employment of t h e  displacement th ickness ,  has  two d i s t i n c t  
advantages.  The f i r s t  advantage is i n  t h e  computat ional  s u p e r i o r i t y  of such a 
procedure. The i n f l u e n c e  c o e f f i c i e n t  ma t r ix  need by i n v e r t e d  only once, wi th  
succeeding' i t e r a t i o n s  r e q u i r i n g  only mat r ix  m u l t i p l i c a t i o n .  I f  one is ever  
t o  contemplate a v i s c o u s / p o t e n t i a l  f low i n t e r a c t i o n  program app l i ed  t o  g e n e r a l  
t h r e e  dimensional  a i r p l a n e  conf igura t ions  such a procedure w i l l  b e  almost  
mandatory. The second advantage is  r e l a t e d  t o  t h e  modelling of separa ted  flow 
regions  i n  a p o t e n t i a l  f low a n a l y s i s  by d i s t r i b u t e d  sources .  It h a s  been 
demonstrated i n  t h e  l i t e r a t u r e  t h a t  such an approach i s  p o s s i b l e ,  and i t  is  
recommended t h a t  one of t h e  f i r s t  ex tens ions  of t h e  p r e s e n t  program should 
be  t o  inc lude  s e p a r a t i o n  e f f e c t s .  The program would then  be  capable  of 
p r e d i c t i n g  C R  a s  a f u n c t i o n  of Reynolds number. 
max 
Another u s e f u l  extension t o  t h e  program would be t h e  i n c l u s i o n  of 
c o m p r e s s i b i l i t y  e f f e c t s  i n  t h e  boundary l a y e r  development. Even a t  low f r e e  
s t ream Mach numbers t h e  high s u c t i o n  peaks experienced by a s l o t  o r  main element 
of a  h igh l i f t  system can l e a d  t o  compress ib i l i ty  problems. 
With some .modi f i ca t ion  t h e  f i n i t e  d i f f e r e n c e  boundary l a y e r  program 
module can be  used to  p r e d i c t  t h e  e f f e c t  of t a n g e n t i a l  blowing o r  boundary 
l a y e r  s u c t i o n  i n  t h e  o v e r a l l  context  of a  v i s c o u s / p o t e n t i a l  f low i n t e r a c t i o n  
method f o r  h igh l i f t  systems. 
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APPENDIX I 
POTENTIAL FLOW THEORY 
The p o t e n t i a l  flow theory i s  used t o  d e r i v e  t h e  in f luence  of cons tan t  
and l i n e a r  d i s t r i b u t i o n s  of sources  and v o r t i c i t y  on p lanar  two dimensional 
s u r f a c e s .  Consider an  elementary l i n e  source  o r  l i n e  v o r t e x  loca ted  a t  a po in t  
5 on t h e  x a x i s  and perpendicular  t o  t h e  x ,  z p lane.  I n  incompressible f low, 
t h e  magnitude of the  v e l o c i t y  induced by e i t h e r  s i n g u l a r i t y  a t  an  a r b i t r a r y  
p o i n t  P(%,z) is given by: 
where 
The geometry i s  i l l u s t r a t e d  by t h e  fol lowing ske tch :  
For a n  elementary source ,  t h e  v e l o c i t y  V i s  i n  t h e  d i r e c t i o n  of t h e  l i n e  
s j o i n i n g  6 and P, whi le  f o r  an  elementary vor tex ,  t h e  v e l o c i t y  V i s  
perpend icu la r  t o  t h i s  l i n e .  The h o r i z o n t a l  and v e r t i c a l  components xf v e l o c i t y  
corresponding t o  t h e  l i n e  source  o r  v o r t e x  a r e  given by: 
u = - w = vcose = x-S 
s v 2nd 2  
The c o n t r i b u t i o n  of a  cons tan t  d i s t r i b u t i o n  of sources  o r  v o r t i c e s  along t h e  
x a x i s  i s  obta ined by i n t e g r a t i n g  equat ions  (2) and . ( 3 )  from 0 t o  c. 
1 [ - 1 2  
= -  2n t a n  - - 
x -C 
tan-' 2 x ] 
1 
= - -  l o g  
The e f f e c t s  of c o m p r e s s i b i l i t y  may be obta ined by applying Gother t ' s  Rule, 
wi th  B = 
and 
w = u  = -  -1 Bz 
s v ;n [ t a n  - tan-' 5 1 
For a  source  o r  v o r t e x  d i s t r i b u t i o n  varying l i n e a r l y  wi th  x, with zero s t r e n g t h  
a t  t h e  o r i g i n  and u n i t  s t r e n g t h  a t  x  = c ,  
1 z J ( x K 2  - - x [ t a n  -1 ; z - tan-' 1 (91 m- C X-C 
-1 z X l + l [ t a n  -I - -  x t a n  ] + - l o g  4x-Cl2  + z 
C 
Compress ibi l i ty  e f f e c t s  a r e  obta ined a s  be fore ,  i . e . ,  by mul t ip lying z and 
wv by B ,  and d i v i d i n g  us by B.  
A source  o r  v o r t e x  d i s t r i b u t i o n  having u n i t  s t r e n g t h  a t  t h e  o r i g i n ,  and 
zero  s t r e n g t h  a t  x = c ,  can be  obta ined by s u b t r a c t i n g  t h e  previously  der ived 
l i n e a r l y  va ry ing  d i s t r i b u t i o n s  from t h e  cons tan t  d i s t r i b u t i o n s .  
A P P E N D I X  TI 
SOLUTION OF BOUNDARY CONDITION EQUATIONS 
For s i n g l e  o r  multi-element a i r f o i l s ,  t h e  boundary cond i t ion  equat ions  'can 
be  solved by d i r e c t  invers ion .  For multi-element a i r f o i l s ,  use  can a l s o  be  
made of a r a p i d l y  convergent i t e r a t i o n  scheme repor ted  i n  Reference (35) .  I n  
t h i s  method t h e  mat r ix  is  subdivided i n t o  smal le r  p a r t i t i o n s ,  o r  b locks ,  wi th  
each block represen t ing  t h e  in f luence  of one element of t h e  multi-element a i r -  
f o i l .  The diagonal  b locks  r e p r e s e n t  t h e  in f luence  of t h e  elements on themselves,  
t h e  off -diagonal  b locks  r e p r e s e n t  t h e  i n t e r f e r e n c e  of one element on t h e  o t h e r s .  
The o rder  of any block is  r e s t r i c t e d  t o  6 0 ,  t h e  maximum number of panels  on t h e  
upper and lower s u r f a c e  of t h e  element. 
The i n i t i a l  i t e r a t i o n  c a l c u l a t e s  t h e  source and v o r t e x  s t r e n g t h s  
corresponding t o  each block i n  i s o l a t i o n .  For t h i s  s t e p ,  only t h e  diagonal  
b locks  a r e  p resen t  i n  t h e  aerodynamic matr ix .  Once t h e  i n i t i a l  approximation 
t o  t h e  source  and vor tex  s t r e n g t h s  is  determined, t h e  i n t e r f e r e n c e  e f f e c t  of each 
block on a l l  t h e  o t h e r s  i s  c a l c u l a t e d  by mat r ix  m u l t i p l i c a t i o n .  The incremental  
normal v e l o c i t i e s  obtained a r e  sub t rac ted  from t h e  normal v e l o c i t i e s  s p e c i f i e d  
by t h e  boundary cond i t ions .  Th i s  process  is repeated 15 t o  2 0  t imes ,  o r  u n t i l  
t h e  r e s i d u a l  i n t e r f e r e n c e  v e l o c i t i e s  are smal l  enough t o  ensure  t h a t  convergence 
has  occurred.  
The procedure i s  i l l u s t r a t e d  below f o r  an aerodynamic mat r ix  c o n s i s t i n g  
of n i n e  blocks .  The unknown s i n g u l a r i t y  s t r e n g t h s  a r e  des ignated y t h e  
s p e c i f i e d  normal v e l o c i t i e s  C j ' i' 
To s o l v e  
where 
Put  
Therefore [ D + E ]  Eyl = {C)  
- 1 
o r  ty) = - D  [ C  - E Eyl l  
F i r s t  approximation: 
{v)-' = D - l  {c) 
Calculate  AC' = E { Y )  1 
Second approximation: 
S imi la r ly ,  kth approximation: ' 
{ Y } ~ = D - ~  { C - A C  k-1) 
Note t h a t  , 
APPENDIX 111 
PROGRAM MACRO FLOW CHARTS 
The genera l  program over lay  s t r u c t u r e  of each .overlay is  descr ibed 
b r i e f l y  i n  the  fo l lowing paragraphs and flow c h a r t s .  * 
OVERLAY (0,O) Program VIP 
Program VIP c o n t r o l s  t h e  e n t i r e  computer program (F igure  Al) .  A l l  
primary over lays  a r e  c a l l e d  from VIP. Overlay (0,O) a l s o  c o n t a i n s  o the r  
subrou t ines  which a r e  commonly used i n  t h e  o t h e r  over lays .  
OVERLAY (1,O) Program POTFLOW 
Program POTFLOW c ~ n t r o l s  t h e  l o f t i n g  of t h e  conf igura t ion ,  t h e  c a l c u l a t i o n  
of f l a p  s u r f a c e  curva tu re ,  t h e  c a l c u l a t i o n  of t h e  p o t e n t i a l  f low pressures ,  a s  
w e l l  a s  the  c a l c u l a t i o n  of t h e  l i f t  and moment c o e f f i c i e n t s .  
OVERLAY (2,O) Program IBL 
Program IBL c o n t r o l s  t h e  i n t e g r a l  boundary l a y e r  anal .ys is  from the  
c a l c u l a t i o n  of i n i t i a l  c o n d i t i o n s  a long a  s t a g n a t i o n  l i n e  t o  t h e  t u r b u l e n t  
boundary l a y e r  a n a l y s i s .  The program l o g i c  f low i s  shown i n  Figure  A3. 
OVERLAY (3,O) Program INSPAN 
Program INSPAN c o n t r o l s  t h e  i n f i n i t e  swept wing f i n i t e  d i f f e r e n c e  boundary 
l a y e r  a n a l y s i s .  The o v e r l a y  c a l l s  two secondary o v e r l a y s ,  OVERLAY (3 ,1 )  Program 
BOUNDRY (Figure  A4)  and OVERLAY ( 3 , 2 ) ,  Program DEVELOP (Figure  A5). Program 
BOUNDRY i n i t i a l i z e s  t h e  g r i d  network normal t o  t h e  f l a p  s u r f a c e  upon which t h e  
f i n i t e  d i f f e r e n c e  method is  app l i ed .  Normal chord and spanwise v e l o c i t y  p r o f i l e s  
a r e  i n i t i a l i z e d  i n  p r e p a r a t i o n  f o r  t h e  a n a l y s i s .  
Program DEVELOP c o n t r o l s  t h e  a c t u a l  c a l c u l a t i o n  procedure used i n  determining 
t h e  downstream development of t h e  boundary l a y e r .  
OVERLAY (4,O) Program FELDPT 
Program FELDPT c a l c u l a t e s  t h e  off-body p ressure  d i s t r i b u t i o n s  P(x,y) f o r  
inpu t  t o  INSPAN. 
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